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ABSTRACT
One of the concepts considered by the rotorcraft industry to improve aircraft performancewhilst reducing emissions is the use of a variable speed rotor. This concept varies therotor speed, in addition to collective pitch, to achieve trim and minimise fuel burn. How-
ever, a rotor blade’s natural frequencies and rotor harmonics (both functions of rotor speed) may
intersect due to the change in speed which will induce unsatisfactory vibrations in the aircraft.
The present research considers the use of an applied compressive load to the blade to alter its
natural frequencies and avoid resonance.
Initially, an in-vacuo model of an untwisted blade subject to an applied compressive load is
developed and validated using a Finite Element model and an experiment. Subsequently, it is
shown that compressive loading is able to sufficiently alter the in-plane and out-of-plane natural
frequencies of the blade such that a desired separation between the natural frequencies and
rotor harmonics would likely be achievable. The load required did not exceed the buckling load
of the blade, nor would it have required large powerful actuation.
The model fidelity was increased to capture torsional deformation, pretwist and noncoincident
mass and elastic axes. It was then shown that, for a set of three test aircraft, the range of rotor
speeds that would be operable increased significantly through the use of an applied compressive
load.
Finally, the fidelity was again increased to include geometric nonlinearities and unsteady
aerodynamic loads in hover. The investigation that followed showed that rotor speed and the
applied compressive load had a marked impact on the damping ratios of the natural frequencies
of the blade. It is possible to exploit these impacts to change damping ratios, as well as natural
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Within this chapter, the motivation for the current research is provided and the concept that is
to be investigated is be introduced. Firstly, the requirements of the industry, and how variable
speed rotors may be employed to meet them, are discussed along with the associated problems
with variable speed rotors that currently prohibit their widespread use. Secondly, the suite of
existing vibration suppression techniques that are currently available, or in development, are
discussed and their applicability to overcome the problems associated with variable speed rotors
is evaluated. The limitations of the current methods shall, in turn, be used to derive the require-
ments of the proposed compressive loading based resonance avoidance concept. Subsequently,
the concept will be introduced and the research objectives of the current work concerning this
concept are defined.
1.1 Motivation
Since the invention of rotary-winged aircraft, engineers have been attempting to improve their
performance; a trend that holds to this day. The performance improvements currently desired
consist primarily of increases in cruise speed, range, service ceiling and payload among other
characteristics while reducing economic cost, fuselage vibrations, noise and greenhouse gas
emissions. These changes are motivated partly by the desire of customers and consumers to
operate more difficult missions in increasingly harsh environments, but also increasing regu-
lation of greenhouse gas emissions and improved operating conditions for equipment, pilots,
passengers and crew members. For example, the Advisory Council for Aeronautics Research in
Europe has set several environmental goals to reduce CO2 and NOx emissions in the order of
50 % and 80 %, respectively, for new aircraft entering service in 2020 [4].
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In rotor blade design, the need to improve comfort, stability, and fatigue life leads to strin-
gent vibration limits [5]. Moffatt and Griffiths [6] stated that low vibration levels promise re-
duced cost of ownership through reduced maintenance of structures and sensitive equipment,
improved ride quality for passengers, and improved safety through reduced aircrew fatigue and
improved sensor accuracy. A survey by Friedmann [7] highlighted that some rotorcraft contracts
have been awarded based on vibration criteria and that the requirements for vibration in the
pilot’s seat are ever reducing.
As our understanding of rotary-winged aircraft has improved and the tools used to design
them became more accurate, the opportunities for further improvements have become increas-
ingly limited. To achieve the desired performance improvements, increasingly unusual methods,
such as alternative aircraft configurations, morphing geometries and variable operating condi-
tions, are now being considered.
1.2 Variable rotor speed
Conventional rotorcraft operate with a single rotor speed, varying the cyclic and collective pitch
of a blade to achieve trim. Conversely, remote-control model rotorcraft and drones tend to employ
a fixed-pitch rotor and vary rotor speed to control thrust. One of the techniques being consid-
ered to achieve the desired performance improvements is to employ a variable rotor speed [8],
whereby collective pitch and rotor speed are varied to achieve trim. This may be used in a con-
ventionally configured helicopter or in an alternatively configured rotorcraft to supplement the
improvements of the chosen configuration. The use of two operational parameters, blade pitch
and rotor speed, allows the simultaneous achievement of trim and improved performance.
1.2.1 Operational benefits of a variable rotor speed
Variable speed rotors are able to influence many of the performance metrics which are to be
improved. The means with which these improvements are achieved is discussed below.
The most sought after benefit is a reduction in power requirements of the rotor. These reduc-
tions in power can be realised as a combination of increased range, endurance, service ceiling,
speed, payload or manoeuvrability and a reduction in greenhouse gas emissions and economical
costs. For an aircraft operating with a fixed forward speed and thrust, a slowed rotor speed can
yield a reduction in the power required. The total power required by a helicopter is comprised
mainly of main and tail rotor power along with fuselage parasite power [9]. The main rotor power
can be split into induced power and profile power with profile power being the larger of the two.
A slower rotor speed reduces dynamic pressure, lowering the profile drag, and therefore power,
of the main rotor. As thrust remains unchanged, induced drag, and therefore induced power, also
remain unchanged. To maintain thrust at reduced rotor speeds requires an increase in collec-
tive pitch. The limit of the reduction in rotor speed is governed by retreating blade stall which
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occurs at high pitch angles and increases the drag coefficient resulting in diminished power re-
ductions. This phenomenon has been extensively researched to improve our understanding of it
and assess its performance in a variety of scenarios.
Aside from the reduction in power requirements, one of the more highly desired performance
improvements is a reduction in noise. Reducing the tip speed of a rotor is one of the most effective
ways to lessen the noise emitted by a rotor [10, 11]. Therefore, a variable speed rotor could be
used to reduce the rotor speed, and thereby noise, when taxiing, flying over densely populated
areas or in other areas with particularly stringent noise regulations are enforced.
A change in rotor speed can also improve rotor control limits. An increase in rotor speed in-
creases the proportion of the local air velocity on the blade that is due to blade rotation, as
opposed to the forward speed of the aircraft. However, this variation is limited by drag diver-
gence. This reduces the asymmetry in the flow velocity, and therefore aerodynamic forces, across
the disc resulting in a reduced influence of forward speed on roll control limits and trim [12, 13].
If operating near the torque limit of the rotor, the power margin can be increased by increasing
the rotor speed [10]. Yaw manoeuvrability can also be improved by altering rotor speed if the
tail rotor is approaching its maximum pitch [10].
A selection of studies on conventional rotorcraft are summarised below:
Gustafson and Gessow [14] assessed the effect of tip speed on hover performance and maxi-
mum forward speed over 70 years ago. They advised that tip speeds should be lowered (below
500 ft/s) for hover and increased in forward flight to avoid retreating blade stall. They recom-
mended that a two-speed transmission be used to achieve this.
Allongue et al [10] summarised, with the support of empirical evidence, some of the effects
of rotor speed: A 10 % reduction in rotor speed can lead to an increase in mission gross mass
of 3 % and reduces noise by 3dB during take-off and low altitude fly-overs and improves hover
efficiency. Power and fuel flow can be reduced if the rotor speed is set such that trim is achieved
at the maximal lift-to-drag ratio. An expansion of the flight envelope, in terms of speed and load
factor, can be sought if the rotor speed is increased as the stall boundary is approached [10, 15].
Karem used the effect of variable rotor speeds in his patented Optimum Speed Rotor [12],
which has since been leased to Boeing. Some of the benefits of variable rotor speed are outlined
qualitatively and a quantitative example claims a potential power reduction of up to 70 % as
well as increases in speed, endurance and range.
Steiner [16] investigated the performance benefits and trim requirements of a variable speed
helicopter rotor. The analyses were performed for a range of forward speeds, weights and alti-
tudes using a trim simulation program with a momentum theory based inflow model and Prandtl
tip loss correction. To maintain weight and power estimates, a variable speed transmission was
not used, restricting the rotor speed reduction to 15 % (to be controlled by engine speed). Vari-
able rotor speed was shown to be a good way to reduce power and expand flight envelope with
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power reductions of up to 17 % observed in sea level cruise. At low forward speeds, increasing
rotor speed resulted in a shaft torque reduction with minimal power penalty. The limit of rotor
speed reduction is governed by retreating blade stall which itself is significantly affected by the
required thrust. Similarly, power was shown to be reduced during high-speed forward flight in
high and heavy conditions with a higher rotor speed to avoid stall.
Datta et al [13] investigated the fundamentals of slowed rotors at high advance ratios experi-
mentally. A full-scale UH-60A rotor was tested at the NASA Ames Research Centre at 65 % and
40 % of its nominal rotor speed. The performance measurements were consistent with previous
test data. They also observed that at higher advance ratios, dynamic loads are comparable or
significantly higher than the nominal rotor due to asymmetry in local airspeeds. The asymmetry
of the aerodynamic loads also have a significant effect on the ability of the aircraft to achieve
trim.
Han et al [17] used a computationally inexpensive rigid blade model with a Pitt-Peters in-
flow model to demonstrate the power reduction and identify that the reduction occurs primarily
through reducing the rotor’s profile power.
A selection of studies on variable rotor speeds in non-conventional rotorcraft configurations
or in conjunction with other performance improvement techniques are summarised below:
Johnson et al [18] investigated a variety of different heavy-lift rotorcraft configurations as
Runway Independent Aircraft. Delays for airline passengers are ever more frequent due to in-
creasing runway congestion. The utilisation of vertical take-off aircraft for short-haul journeys
may be considered as a method to reduce runway congestion with minimal additional infrastruc-
ture required [19]. The configurations considered were: tiltrotor, compound tandem and com-
pound coaxial. All three configurations utilised a variable speed rotor with a cruise condition
operating at 54 %, 32 % and 39 % of nominal, respectively. Noise limitations can be prominent in
heavy-lift rotorcraft [20], therefore the ability to reduce rotor speed to control noise would be ad-
ditionally beneficial for the heavy-lift rotorcraft. The tiltrotor exhibited the best cruise efficiency
and therefore the lowest weight and cost and was therefore identified as the configuration most
likely to meet the desired goals.
Russell and Johnson [21] investigated the use of a different configuration; a large compound
helicopter with a single main rotor, but still with a variable rotor speed as another Runway
Independent Aircraft. Conventional rotorcraft and tilt-rotors are suited to journeys of 100nm
and 1000nm, respectively [18]. The suitability of a compound rotorcraft was considered for a
journey of 500nm and compared to a conventional configuration and a tilt-rotor. It was concluded
that the conceptual aircraft examined would not be competitive to the other configurations but
possibilities for improving performance were identified.
Floros and Johnson [22] stated that the expanded flight envelope of rotorcraft is of increasing
interest for non-civilian purposes in attack, scout and rescue rotorcraft to improve their mission
effectiveness. The performance of the slowed-rotor compound helicopter configuration was anal-
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ysed as a means to achieve the desired flight envelope expansion. The comprehensive rotor code,
CAMRAD II [23], was used for the analysis after first validating it against measured data for
the desired flight conditions. They concluded that: profile drag is the main source of the power
requirements of both the rotor and the wing; at high forward speeds, the rotor speed must be
reduced to avoid compressibility and drag divergence effects on the advancing blade; and that
a rotor, regardless of the presence of a wing, in an autorotative state at a high forward speed
requires less power at lower rotor speeds.
Kang et al [24] investigated rotor speed reduction and a selection of rotor morphing concepts to
improve cruise performance and increase maximum forward speed and payload capabilities. It
was shown that a variable rotor speed in conjunction with a variable chord showed considerable
improvement in cruise performance. These benefits could be increased if the variable chord
component was able to operate at a 1/rev frequency.
Bowen-Davies [25] investigated the performance and loads of variable tip speed rotorcraft at
high advance ratios by considering both variable rotor speed and variable radius concepts. For
a UH-60A rotor, trimmed for 80000 N of thrust, a mean reduction of 100 hp was achieved across
the flight envelope by reducing the rotor speed by between 10 % to 20 %. It was also showed that
induced power is not influenced by reducing the rotor speed until stall is reached, at which point
the induced power increases. All power savings are due to a reduction in dynamic pressure
reducing profile drag and a reduction in compressibility induced drag. For large rotor speed
reduction, large pitch angles increase drag coefficients and preclude further reductions in profile
power. In general, it was concluded that at hover and low forward speeds, the low and high rotor
speeds were limited by thrust or autorotative capability and noise emissions respectively; while
at cruise and high rotor speeds, the low and high rotor speeds were limited by compressibility
and retreating blade stall, respectively. Concerning trim, it was shown that both the collective
and cyclic pitches increased to maintain trim but did not exceed the capabilities of the aircraft.
Han et al [9] considered the performance benefits available from variable rotor speed and
twist. It was shown that in hover and at low forward speeds, rotor power is dominated by in-
duced drag which cannot be reduced resulting in limited power reductions being available due
to variable rotor speeds. In high-speed forward flight, a reduction in rotor speed requires an
increase in blade pitch which may exacerbate stall in the retreating blade limiting the ability to
reduce required power. The available power reduction was shown to initially increase with rotor
speed and then decrease. At a forward speed of 250 km/h, when considering variable rotor speed
in isolation a reduction in rotor power of 17.8 % was obtained. Comparatively, when considering
variable blade twist in isolation a reduction of 10.4 % was obtained. When the two techniques
were combined, a reduction of 20.9 % was achieved.
Ward et al [26] investigated the combination of rotor speed reduction with self-twisting blades
which yielded many benefits. It was shown that at 85 % of the nominal rotor speed, a 20 %
increase in lift-to-drag ratio was possible and that as rotor speed reduces, so does twist which
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reduces tensile strain and improves rotor efficiency.
It can be concluded from these previous research efforts that the performance implications of
variable speed rotors have been extensively researched, using a combination of computational
and experimental investigations. The effect of lowering rotor speed is primarily a reduction in
main rotor power requirements but additional effects, such as reduced noise emissions because
of the lower tip speed, are also beneficial. The induced power of the rotor (for a constant thrust)
is unaffected by a change in rotor speed; the reductions occur primarily through a reduction in
profile power. The limiting factor of reducing rotor speed, particularly at high forward speeds,
is retreating blade stall. Either due to an increase in blade pitch to maintain lift at lower rotor
speeds or an increase in forward flight speed, aerodynamic stall of the blade on the retreating
side may be induced which will detrimentally affect power and trim requirements of the ro-
tor. The capability to reduce power requirements of the main rotor allows the flight envelope
of an aircraft to be expanded. Improvements such as increased range, lower fuel costs and in-
creased payload capability make this concept very appealing to industry. The concept has been
considered beneficial to military aircraft and may be utilised in the development of large civilian
aircraft to alleviate runway congestion at airports.
1.2.2 Problems with a variable rotor speed
Despite all the benefits associated with the variable rotor speed concept, there are two main
problems that prohibit its widespread use; namely, the means with which the rotor speed changes
are achieved and the risk of blade resonance [27, 28, 25]. The difficulties in changing rotor speed
are not the focus of this research but shall be discussed briefly before the blade resonance prob-
lem is discussed.
1.2.2.1 Engine and transmission
The two main ways with which the rotor speed can be reduced, which can be used either in
isolation or in conjunction with each other, are to reduce the engine shaft speed or to vary the
reduction ratio of the transmission. Each of these methods has their drawbacks which must be
understood to ensure that they do not impede the sought after benefits of variable speed rotors.
Modern turboshaft engines used in rotorcraft are designed to operate very efficiently across
a narrow range of shaft speeds [15]. It is possible to reduce the power output of a gas turbine
with only a small detrimental change in specific fuel consumption, if shaft speed is maintained,
but maintaining power while reducing rotor speed significantly increases specific fuel consump-
tion [29]. For these reasons, shafts speeds are usually constrained to not vary by more than
15 % [30] which may result in as little as a 5 % penalty in specific fuel consumption [26].
Miste and Benini [31] used an off-design steady-state model of a generic turboshaft engine
and a simple rotor analysis coupled to investigate the effects of engine shaft speed and rotor
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speed on rotor power and fuel consumption. They concluded that the objectives of reduced rotor
power and reduced fuel consumption generally aligned well with each other, i.e. a change in
engine shaft speed would have a similar impact on both objectives, but that the exact optimum
of each objective was not identical. This shows that whilst, in general, reducing rotor power
will reduce fuel consumption, this is not always the case. Therefore, when designing a variable
speed rotor for minimum fuel consumption, the performance of the engine must be included. An
optimisation routine was used to demonstrate that, for the test case studied, a 16 % reduction
in fuel flow could be obtained.
In NASA’s tiltrotor concept study, D’Angelo [32] concluded that an efficient propulsion system
with a high range of output speeds was integral to improve tiltrotor efficiency. Due to off-design
engine efficiencies, rotor speed reduction was limited to 18 %, much lower than the stated opti-
mum of 50 %, costing 15 %-22 % in efficiency. To overcome this, D’Angelo theorised and modelled
a turbine designed for variable speeds and achieved a 14 % increase in overall efficiency. The
performance of this model was confirmed using 2D and 3D CFD [33, 34].
Due to the off-design efficiency losses of turbines when varying their shaft speed, the use of
the transmission to vary rotor speed is of great interest. Transmissions with multiple speeds
or a variable speed are relatively efficient at changing rotor speed but do incur a weight and
complexity penalty [25]. One challenge that is faced by transmissions with multiple speeds or a
variable speed is that power must be smoothly and continuously available [25]. Therefore, the
design and comparison of fixed-ratio, discrete multi-ratio and continuously variable transmis-
sions are a popular topic of research. A few of these studies are summarised below:
Palcic et al [35] developed and patented a transmission for the main rotor of a rotary-winged
aircraft that permitted the use of two-speeds without altering its output speed or disengaging
the engine. The gearbox consisted of a freewheel and a clutch (ideally multi-plate) for each
engine. When the clutch is engaged, the gearbox operates in a ’high rotor speed’ mode but when
the clutch is disengaged, the power is transferred through the freewheel and a different gear
path powers the rotor in a ’low rotor speed’ mode. Additionally, the system could be configured
to operate with a tail rotor that operated either at a fixed rotor speed or that changed with the
speed or the main rotor.
Stevens et al [36] evaluated two-speed and continuously variable speed transmissions for use
in NASA’s Large Civil Tilt Rotor; a two-input differential planetary gear was identified as a
viable solution. A dynamic model of this transmission was developed by Lewicki et al [37] and
then DeSmidt et al [38] which correlated well with experiment; however the mass of the system
was not discussed.
A pericyclic variable speed transmission, investigated by Saribay [39], was shown to be a
viable replacement for traditional transmissions with comparable weight and volume.
Miste and Benini [15] compared fixed-ratio and continuously variable transmissions. Some
rotorcraft, such as those designed for surveillance, sightseeing, and pilot training etc, will spend
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considerable amounts of time in multiple areas of their flight envelope, such as hover, loiter and
cruise. Therefore, there will be many optimal rotor speeds, each of which will have their own
corresponding optimum engine shaft speed, which is not realisable using a fixed-ratio gearbox.
Using a gas turbine performance model coupled with a trim simulator for steady-state forward
flight, it was shown that across a wide range of forward speeds, the continuously variable trans-
mission did not yield a significant fuel usage benefit over the fixed-ratio transmission. However,
in hover and cruise conditions, two conditions which will dominate a rotorcraft’s mission profile,
there are significant differences. It was shown that engine performance is inhibited by the fixed-
ratio transmission, ensuring that a continuously variable transmission is required to realise the
fuel reductions.
It can be concluded from these research efforts that whilst discrete multi-speed gearboxes
with a few rotor speeds are viable replacements for traditional transmission systems, a wide
range of rotor speeds will likely be required if the benefits of variable rotor speeds are to be
fully utilised. Therefore, efforts should continue to be made to develop gearboxes that are either
continuously variable or offer a wide range of discrete speeds. Additionally, it should be noted
that as the aviation industry moves towards the increasing electrification of aircraft, the use of
electric motors, instead of gas turbines, may reduce the off-design efficiency losses.
1.2.2.2 Dynamic excitation
The other problem associated with variable speed rotors is that operating over a range of rotor
speeds results in a high likelihood of resonance being encountered [25]. In rotor blades, reso-
nance occurs when the blade is subject to an oscillatory excitation load that occurs at a frequency
that is similar to one of the natural frequencies of the blade. In this case, an oscillatory motion
of the blade at the frequency of the excitation shall begin and the amplitude of this motion shall
continue to increase until a limit value is reached.
The desire to maintain a low weight leads to flexible blades with a high density of natural
frequencies in the range of interest. The frequencies of most interest are those with transversal
deformations occurring in- or out-of- the plane of rotation (herein referred to as in-plane and
out-of-plane, respectively) as well as torsional deformations about the longitudinal axis of the
blade. Frequencies associated with deformations in other directions, such as transversal axial
deformation, are generally sufficiently high that they can be considered insignificant. When the
rotor is not rotating, the natural frequencies are dependent on the geometry of the blade (cross-
sectional shape and length etc) and its material properties. However, when the blade is rotating,
effects such as Coriolis forces and centrifugal loads due to the blade’s rotation about the rotor
shaft significantly alter the static and dynamic behaviour of the blade.
These centrifugal loads act parallel to the plane of rotation and radially outward from the cen-
tre of rotation and therefore have a differing effect on each of the different motions considered.
These effects shall be described qualitatively in the context of a point mass at the end of a light,
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rigid bar with a hinge offset from the centre of rotation and aerodynamic and centrifugal forces
in static equilibrium.
For the out-of-plane transversal deflections of a blade, this is shown in Fig. 1.1a. If the blade
is perturbed from its equilibrium with an increased inclination to the rotation plane, the cen-
trifugal force will remain parallel to the plane of rotation. This increases the angle between the
centrifugal force and the blade which will increase the component of the centrifugal force that is
perpendicular to the blade and therefore acts as a moment about the hinge to restore the origi-
nal equilibrium. For a perturbation in the opposite direction, a reduction in this moment due to
the centrifugal force is observed, which also acts to restore the original equilibrium. This effect
is similarly observed for the in-plane transversal deflections of a blade, as shown in Fig. 1.1b.
However, in this orientation, the direction of the centrifugal force follows the perturbation and
the angle of the centrifugal force with the blade is due to the offset of the hinge from the centre
of rotation. Due to this, the effect of this restoring force is much weaker for the in-plane motion.
(a) Out-of-plane (side view) (b) In-plane (top view)
Figure 1.1: Diagram of mechanism for centrifugal stiffening in the transversal motion of a blade.
This effect can also be observed in the torsion of a blade if a chordwise distribution of mass is
considered. Mass at the front of the profile observes a component of the centrifugal force acting
in the forward direction, while mass at the rear observes a force in the opposite direction. This
effect is visualised in Figs. 1.2a and 1.2b using two point masses, one at each end of the chord.
When viewed from an end-on perspective, it can be seen that a torsional perturbation would
exhibit an increased torsional restoring moment, similar to that observed in the out-of-plane
transversal deformation. However, the moment arm for these forces is the same order as the
chord, whereas the moment arm for the transversal motion is the same order as the radius of the
blade. This smaller moment arm results in the effect of these restoring moments for torsional






Figure 1.2: Diagram of mechanism for centrifugal stiffening in the torsional motion of a blade.
The restoring moments in the in-plane, out-of-plane and torsional directions due to centrifugal
loads are akin to an increase in stiffness, due to their dependence on displacement. As these
effects are similar to an increase in stiffness, the phenomenon is therefore known as centrifugal
stiffening [40].
In addition to centrifugal stiffening, there are a few additional effects observed in rotor blades
due to centrifugal loads that can influence their statically deformed shape as well as their dy-
namic behaviour; namely the trapeze effect and veering.
The trapeze effect, named after its analogous comparison to a twisted trapeze, untwists twisted
beams under axial tension [41, 42] due to the component of this force that acts perpendicular to
the elastic axis. This effect may create a restoring moment in perturbed twisted blades, which
would compound the previously described effect of centrifugal stiffening.
Additionally, there is the effect of veering. This phenomenon is not directly caused by the
centrifugal load but is most often observed in rotorcraft as the natural frequencies of the rotor
change with rotor speed due to the aforementioned centrifugal stiffening. For a beam with no
coupling between its motions, natural frequencies of different motions can intersect as rotational
speed is increased. However, Yoo et al [43] and du Bois et al [44] suggest that if there is coupling
between these modes, they may diverge as they approach the point at which they would be
expected to cross; this effect is known as veering. Both modes then follow the trajectory expected
of the other, as if they had crossed, with the associated mode shapes and properties of that mode.
Balmes [45] represented the mode shapes during the interaction as a fractional combination
of each of the two original mode shapes. The contribution of each original mode shape varies
sinusoidally throughout the interaction.
As well as a rotor blade having many natural frequencies, they are also subjected to excitation
at a range of frequencies. The excitation originates from the main rotor primarily which occur
due to a multitude of effects such as, but not limited to:
• As the rotor blade passes over the tail (and other parts of the fuselage) there is a change
10
1.2. VARIABLE ROTOR SPEED
in the local air pressure which changes the aerodynamic loads on the blade.
• During forward flight, the blade on the advancing side experiences an increase in local
air velocity and the blade on the retreating side experiences a decrease in local air ve-
locity. These differences in local air velocity cause an increase and decrease in lift on the
advancing and retreating side of the rotor, respectively. For rotorcraft with very high for-
ward flight speeds, this effect can be more severe as shocks and dynamic stall may be
experienced on the advancing and retreating sides, respectively. Dynamic stall is one of
the dominant sources of high vibration levels for high advance ratios [46].
• Due to the difference in the lift on the advancing and retreating side of the rotor it is
necessary to alter the distribution of lift around the rotor disc to avoid a rolling moment
being produced. The lift is altered by using cyclic control to vary the pitch of each blade
in the rotor as they rotate about the shaft. This changes the lift of the blades and can be
tuned to achieve rolling trim but it will also change other aerodynamic loads, such as drag.
• When in forward flight, the induced airflow velocity into the rotor varies fore and aft as
well as port and starboard which significantly affects the variation in aerodynamic loads
observed by the blades at each azimuth angle.
• As each blade rotates, it passes through the wake of the preceding blade which alters the
aerodynamic loading. The effect is known as the Blade Vortex Interaction (BVI) and is
most prominent at low speeds where the wake of the blades is not washed downstream
sufficiently quickly.
Some of these excitations, such as those due to the variation in local air velocity and cyclic
trim, occur sinusoidally. However, some of the excitations, such as those due to tail shadow and
induced velocity, are periodic but not sinusoidal. These periodic excitations can be broken down
into a set of sinusoidal excitation acting across a discrete range of frequencies using a Fourier
series. Additionally, the combination of sinusoidal excitations at the 1/rev frequency, such as
those due to forward speed and cyclic trim, results in excitation at integer multiples of the rotor
speed higher than 1/rev. Therefore, the rotor will experience excitation at integer multiples of
the rotor speed frequency, commonly referred to as the rotor harmonics. However, it should be
noted that due to the combination of these frequencies, the lowest frequency excitation will have
the most energy and the amount of energy shall decrease with increasing frequency excitations
as demonstrated in flight tests of a CH-53A [47]. An example fan diagram demonstrating how
the natural frequencies and harmonics of a typical rotor blade vary with rotor speed and the

























Harmonics (transfer to airframe)
Harmonics (filtered at hub)
Resonance
Figure 1.3: Sketch of typical fan diagram for a four-bladed rotor
If a rotor is designed such that any of its natural frequencies are similar to any of its excita-
tion frequencies, as observed in Fig. 1.3, a phenomenon known as resonance will occur. In this
situation, the excitation will drive the mode of the corresponding natural frequency to increase
in amplitude which will, in turn, increase the vibratory loads observed at the root of the blade
and may limit the flight envelope of the aircraft or damage the structure of the blade [48, 49].
This phenomenon has been observed experimentally by Berry and Chopra [50] who researched
the vibration of variable speed rotors in a scaled wind tunnel test and observed an increase in
root bending moments and high harmonic pitch link loads with a reduction in rotor speed. Fur-
thermore, Bowen-Davies [25] investigated the loads involved with variable rotor speeds at high
advance ratios and concluded that these loads are uniformly and significantly increased at high
airspeeds when the rotor speed is reduced due to excitation of the blade’s natural frequencies.
Due to the summation of the loads at the hub, many of the vibrations cancel each other out.
The only vibrations that transfer from the blade, through the hub, to the airframe are those at
a frequency of nNb,nNb ±1 [51], as shown in Fig. 1.3. Once transferred to the airframe these
vibrations may: be unpleasant for passengers; increase crew fatigue; degrade the performance
and reliability of avionics used for primary control, navigation, weapons and surveillance.
To avoid this, rotorcraft are typically designed to operate with sufficient separation between
the natural and excitation frequencies. Conventionally, this is achieved by designing the mass
and stiffness distributions of the blades at a single, fixed, rotor speed. Due to the abundance of
natural and excitation frequencies and their dependency on rotor speed it is not possible to vary
the rotor speed otherwise the natural and excitation frequencies would change and resonance
12
1.2. VARIABLE ROTOR SPEED
would likely be encountered. An example rotor speed for which there is sufficient separation
between all of the blade modes and all of the rotor harmonics is shown in Fig. 1.3.
It should be noted that not all resonances are of equal importance. Due to the higher energy
levels in the lower rotor harmonics [8], resonances involving these harmonics (as seen in the
interaction between the first in-plane mode and the first harmonic in Fig. 1.3) may be more
severe. Whilst all resonances will affect the rotor blade, due to the filtering effect at the hub,
only vibrations at a frequency of nNb,nNb±1 will transfer to the hub and be experienced by the
onboard equipment and crew. Therefore only resonances at these frequencies (as seen in the in-
teraction between the second out-of-plane and in-plane modes with the third and fifth harmonic,
respectively, in Fig. 1.3) are of importance when considering vibrations in the fuselage.
1.2.3 Experimental and demonstrator aircraft
Despite the considerable complications associated with a variable rotor speed, as described in
Section 1.2.2, the benefits detailed in Section 1.2.1 are sufficiently appealing to industry for
them to make significant amounts of resources available. Due to this, multiple experimental
and demonstrator aircraft have been developed and tested; some of which are detailed herein.
A Eurocopter AS365 aircraft, without significant alterations, was used as a demonstrator air-
craft to achieve a −10.5 % to 4 % rotor speed alteration [10]. The demonstrator was so successful
that Eurocopter used the results of the study to improve the EC 155 [52] and intended to incor-
porate the technology into future aircraft.
Variable speed rotors have also been successfully employed on unmanned military rotorcraft
such as the 11 m wide Boeing A160T Hummingbird [53]. This aircraft, which can reduce its ro-
tor speed by up to 40 % [28] using a small number of well-defined rotor speeds [25, 15], demon-
strated great performance improvement [54] including an endurance flight record [55] in 2008.
This aircraft was powered by a piston engine as this allowed a variable speed transmission to
be used with less difficulty than would be observed using a turbine engine. In an attempt to
avoid the dynamics issues previously discussed, composite rotor blades were designed with very
high stiffness-to-weight ratios to avoid resonances at the operational rotor speeds, as specified
in [12]. However, excessive vibrations led to a crash which caused significant scheduling delays
that ultimately resulted in the programme being cancelled. Variable speed rotors have also been
utilised for non-traditional rotorcraft configurations. Sikorsky created an experimental coaxial
thrust compounded rotorcraft, the X2 Technology Demonstrator, in 2008 to demonstrate solu-
tions to problems uncovered during flight testing of the XH-59A. The aircraft was capable of
reducing its rotor speed to 80 % of nominal [56] and has had its dynamics [57] and high-speed
flight capabilities [58] studied. It should be noted that active vibration control was used [59, 57]
which may have been required due to resonance caused by the variable rotor speed. Eurocopter
also developed an experimental compound helicopter, the X3, which first flew in 2010. This air-
craft also utilised a variable speed rotor and was able to usurp the unofficial speed record set by
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the Sikorsky X2 [60].
Two-speed rotors are often employed on tiltrotors (aka convertiplanes) such as the XV-15 [61],
V22 Osprey [28] and the Bell Eagle Eye [15] for the helicopter and plane configuration. The V22
Osprey employs an 18 % reduction in rotor speed for forward flight [62].
The number of existing experimental and demonstrator aircraft exemplifies the amount of
resources that industry is willing to expend on this concept. Across a range of these aircraft,
the performance benefits discussed in Section 1.2.1, were obtained which will serve only to in-
crease the motivation of industry to pursue the concept of variable speed rotor. One common
negative observed across some of these aircraft was that of vibration. For one aircraft this was
the underlying problem which eventually resulted in the cancellation of the program and serves
to motivate further research into the reduction of vibration levels in variable speed rotorcraft.
1.3 Existing vibration suppression techniques
Despite rotorcraft being designed to operate at a single rotor speed with sufficient separation
between natural and excitation frequencies to avoid catastrophic resonance, high levels of vi-
bration have been an undesirable feature of helicopters since their inception [63]. The industry
has made significant efforts to lower helicopter vibration levels to those observed in other forms
of air travel [63, 48], with particular focus being paid to the vibrations experienced at the pilot’s
seat [64]. However, this Jet Smooth Ride, with vibration levels below 0.05 g, is still not achieved
for production type helicopters [8]. Despite the improvements made in rotorcraft vibration lev-
els, they remain a prominent problem due to increasing forward speeds, which increase vibration
levels, and a reduction in the tolerance of passengers, crew and equipment to vibrations [63, 48].
Historically, vibration problems in rotorcraft have been treated with a variety of passive and
active means [65, 66, 67]. These methods are still being actively pursued by industry [8]; how-
ever, recently, adaptive-passive systems have come to the fore as an alternative to these strate-
gies [49].
These three types of vibration suppression system shall be explained herein, along with spe-
cific examples for each type of system. Subsequently, a set of characteristics that would be re-
quired of a system to be deployed in a variable speed rotor shall be defined. The set of existing
vibration suppression techniques that will have been described will then be discussed in the
context of their ability to meet the required characteristics.
1.3.1 Passive methods
Passive methods of vibration suppression are those that involve no modification or actuation
during their use. In general, these systems are not very adaptable, due to their lack of modifica-
tion, and therefore are not very effective across a broad range of operating conditions. However,
their lack of actuation ensures that the system requires no additional power to be provided.
14
1.3. EXISTING VIBRATION SUPPRESSION TECHNIQUES
These methods have been extensively researched and deployed where applicable but it is be-
lieved that some production aircraft are already very close to the limit of what is realistically
achievable with passive methods of vibration control [63]. The two most common passive meth-
ods for vibration attenuation, which may be used in conjunction with each other, are to design
the rotor to avoid excessive resonance being encountered and to use vibration absorbers to ab-
sorb the vibrations once they have been created. These two methods shall be discussed in more
detail in the following sections.
1.3.1.1 Rotor design
Rotor design for vibration reduction is a technique adopted during the design of most rotorcraft;
however, the level to which it is exploited varies. This technique involves designing the rotor
such that the natural frequencies of the rotor are sufficiently separated from the rotor harmonics
to avoid resonance. Examples are the parameters typically used include: taper, twist, tip shape,
mass and stiffness distributions, hub configuration and composite layup. This technique has
very few negatives as there is no requirement for additional actuators or devices but it does
limit the rotor to a very small set of operating conditions if not used in conjunction with other
techniques. A summary of a few documented cases of this technique is included below:
Blackwell suggested that blade design is an underutilised method for reducing vibrations
in rotorcraft [68]. Due to the expense of designing and constructing new rotor configurations,
more so than retrofitting a secondary device to an existing rotor, very little experimental or
flight test data is available. Therefore, using the Normal Modes Blade Aeroelastic Response
Analysis (Y2OO Program), a set of studies were performed to analyse the capability of different
blade properties, such as mass and stiffness distributions, to alter the mode shapes of a blade
and increase damping ratios and the separation between natural and excitation frequencies. A
reduction of 10 %-20 % in root shear forces at 3/rev and 4/rev were predicted using a mid-span
located lumped mass. Assessments of the effectiveness of varying stiffness distributions yielded
much less substantial results. This is likely due to rotor blade’s stiffness being largely influenced
by centrifugal forces resulting in a limited impact of varying their elastic stiffness.
Pritchard and Adelman investigated the use of tuning masses for vibration reduction in rotor
blades [69]. Multiple optimisation strategies were devised and compared to reduce shear forces
at the blade root with the best performing strategy demonstrating the ability to reduce the shear
load due to the response of multiple blade modes to multiple rotor harmonics. This method was
able to reduce the peak shear force in one revolution by over 99 %, subject to an increase in blade
mass of 12.7 %.
During experimental flight tests conducted by Eurocopter [8], the inclusion of an additional
blade (increasing the rotor from four-bladed to five-bladed) yielded a 70 % reduction in vibra-
tory hub loads. This was because, for a four-bladed rotor, only the 3/rev, 4/rev and 5/rev blade
loads contribute to hub loads, whereas for the five-bladed rotor this is due to the 4/rev, 5/rev and
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6/rev. There is much less energy in the 6/rev excitation than the 3/rev which was the cause of
the reduction in vibratory loads. The limiting factor for including extra blades is usually cost,
the mechanical complexity of housing additional rotor blades in the hub and the manufactura-
bility of increasingly high aspect ratio blades associated with increasing blade number while
maintaining solidity.
The use of frequency placement and structural and aeroelastic coupling was exploited ex-
tensively during the development of the BERP IV demonstrator blade [6]. The aim of the new
blade design was to maintain the forward flight capabilities of BERP III and to improve the
payload/range performance and combat survivability. An optimisation procedure, based around
the in-house aeroelastic code R150, was used to develop the design of the new BERP IV blade.
The objective function used for this optimisation was the vibration in the fuselage. This required
characterising the fuselage, in the form of a transfer function, to assess the impact of different
components of hub vibration on the fuselage vibration. It was identified that excitation of the
second and third flap mode were primary causes of vibration in a four-bladed rotor, therefore the
placement of these modes was of particular interest. Structural coupling was the main mecha-
nism to reduce vibration of the second flap mode at 3/rev, therefore this mode remained relatively
unchanged. However, the third flap mode was increased from 5.65/rev to 5.8/rev. This may seem
counterintuitive as this moves the mode closer to its nearest excitation harmonic, 6/rev, but it
was in fact correct. This placement did increase the 6/rev flapping moment but it also reduced
the 5/rev vertical shear load which was more impactful on the fuselage vibration, resulting in
a net reduction of fuselage vibration. The manner in which these changes were implemented
is also noteworthy as a universal increase in flapwise stiffness would increase both modes. The
change in the third flap mode was achieved by increasing stiffness on the outboard 60 % of the
blade. The second flap mode was maintained by avoiding placing the additional stiffness in ar-
eas of peak curvature of this mode and by adding masses at its antinode. The results of this
optimisation yielded part of the desired improvement but it did not capture the expected change
in lagwise vibrations. It was anticipated that the 4/rev lagwise shear could have been reduced
by increasing the second lag mode from the existing BERP III frequency of 5.0/rev to a value
above 6/rev. However, the use of a gradient-based optimiser meant that this design space was
never explored. Therefore, the optimisation was restarted with an artificial increase in lagwise
bending stiffness, giving a starting point with the L2 frequency above 6/rev. The resulting opti-
misation positioned the L2 mode at around 7/rev, which drastically reduced the 4/rev in-plane
shear. This highlights the high level of multi-modality of the design space and implies that the
use of a global optimiser may be required to precede local gradient-based optimisation if the best
performance is to be realised. The results of these optimisations lead to a blade design with un-
conventional frequency placements. However, the design was vindicated during the subsequent
testing which exhibited the expected reduction in vibration levels.
Rotor design was also utilised by Karem [12] in his patented Optimum Speed Rotor. Unlike
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the rotor design in BERP IV, which carefully placed frequencies between excitation frequencies
and utilised coupling to reduce vibration, these blades were designed to be substantially stiffer
and lighter than conventional blades. The purpose of this was to drastically increase the fre-
quency of the blade’s mode such that they would only interact with very high harmonics of the
rotor which have far less energy available to excite the blade. The blades are designed to be 85x
stiffer than conventional articulated rotor blades at about a 10 % radius. This requires a 3.5x
increase in maximum blade thickness and a large root chord. However, no discussion of the effec-
tiveness of this technique or the accompanying impact upon performance or manufacturability
was provided.
1.3.1.2 Vibration absorbers
Vibration absorbers and dampers are the most common type of passive vibration suppression
device deployed. Despite their many names they almost always consist of a secondary mass-
spring-damper system attached to the primary structure. The frequency of the absorber is tuned
to correlate with the frequency of the vibration in the primary structure. The absorber will
then absorb the vibration from the main structure at this specific frequency. These systems
are usually much simpler, lighter (typically less than 1 % of vehicle weight [70]) than active
techniques and require no power. However, their effective bandwidth is dictated by the mass
used; a small mass will keep the system light but result in a narrow effective bandwidth and
poor off-design performance. However, in some cases, the use of existing masses within the
aircraft, such as a battery [71], may be used to incorporate a large mass without increasing the
weight of an aircraft. These systems have been extensively reviewed [72, 73] and patented [74].
A summary of a few additional research efforts is made below:
Han and Smith [75] investigated the use of a chordwise mass-spring-damper absorber, em-
bedded within the blade, to attenuate lagwise root vibration. Aeroelastic simulations of forward
flight were provided using a moderate deflection finite element model with the absorber mod-
elled as a one degree of freedom system. From these analyses, it was shown that a chordwise
absorber, embedded within the blade, can decrease the 1/rev and 2/rev (i.e. once and twice per
revolution) lagwise root bending moments by about 50 % and 90 %, respectively. It was also
shown that the tip of the blade is the ideal location for the absorber to maximise vibration re-
duction.
Hebert and Lesieutre [76] investigated the use of using multiple vibration absorbers that
were highly distributed, both spatially along the blade span and in frequency, for lag damp-
ing. It was demonstrated that substantial damping over a wide range of frequencies may be
achieved through the careful selection of design parameters such as: the number of discrete
tuning frequencies, the mass per unit length of the absorber system and the frequency range of
the absorbers. Simulation results showed that using no more than 3 % of the total blade mass,
damping comparable to or better than that provided by existing methods could be provided. To
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reduce the need to increase the mass of the blade, it was suggested that leading-edge weights
that are already incorporated into the blade could be used for the damper. These weights exceed
the mass requirements of the system resulting in potentially very little additional mass being
required for the system.
Additionally, there are a few examples of hybrid isolator-absorbers. These systems use a large
moment arm to increase the inertial effect of mass for a traditional style absorber. These systems
can be attached between the gearbox and fuselage and used to absorb and isolate vibration that
would otherwise transmit to the fuselage. Eurocopter has developed and certified 2 forms of this:
ARIS, a hydraulic-based system which is equipped on EC135 and SARIB, which is a mechanical
based system equipped on NH90 and Tiger. Despite the increased inertial effect of the mass
due to the moment arm used, these systems are still subject to the same limitations of other
vibration absorbers. They must also be designed such that the displacements they undergo to
absorb vibration does not cause misalignment between driveshafts in the gearbox and fuselage.
Hamouda and Alvin [77] used a linearised set of nonlinear structural equations coupled with
a quasi-steady aerodynamic model to investigate the capability of simple pendulum absorbers
to suppress the vibration of a helicopter rotor blade. Pendulum absorbers are an alternative
form of vibration absorbers whereby the secondary system the form of a pendulum aligned with
the centrifugal loads. In this form, the restoring force is provided, not by a physical spring, but
by the centrifugal force, similarly to centrifugal stiffening as detailed in Section 1.2.2.2. These
absorbers have been used to control in-plane out-of-plane and torsional vibrations of rotors [77].
A pendulum mass of 10 % of the blade mass was used and tuning was achieved by varying
the spanwise location of the pendulum. For 4/rev excitation, it was shown that an out-of-plane
pendulum tuned to 3.87/rev could reduce the out-of-plane shear force and moment at the root by
98.7 % and 85.8 %, respectively. Additionally, via structural coupling, a reduction of the in-plane
shear force and moment of 95.8 % and 77.2 %, respectively, despite the lack of an absorber in
this orientation. However, it was also observed that an incorrectly tuned vibration absorber may
result in large increases in vibration. Despite the dependency of the pendulum frequency on the
speed of the rotor, it has been stated that torsional vibration absorbers remain effective across
a range of rotor speeds if they are correctly configured [78].
1.3.2 Active methods
Conversely to passive methods, active methods of vibration suppression involve imparting load-
ing on the structure by direct actuation at the frequency of interest. The majority of active
methods that have been developed aim to reduce the formation of vibrations in the rotor as this
is the main source of vibration [8] and is suspected to be the most cost-effective form of vibration
reduction [7]. However, some methods are designed specifically to attenuate the vibrations once
they have been created [49]. Most active systems comprise of four main components: sensors, a
controller, a power supply and actuators. The sensors are used to monitor the vibration levels
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in the regions of interest. The controller uses this data to calculate the requisite output from
the actuator which is itself requires a power supply. These systems are usually more effective
than passive systems and are significantly more adaptable to changing operating conditions.
However, the requirement of these systems to have these components results in a system that,
compared to passive systems, is complex, heavy and with significant power requirements - typ-
ically weighing 1 % of vehicle’s weight and requiring 3 % of installed power [70]. Despite their
impressive performance capabilities, there is limited use of active vibration suppression meth-
ods in production aircraft, primarily due to safety concerns [49]. Active methods are often in-
tegrated into the primary flight control system or the airframe itself. Therefore, any structural
failure in the system would likely result in a catastrophic failure of the aircraft. Additionally,
these systems may induce stability issues in the aircraft [49].
1.3.2.1 Higher Harmonic Control
Higher Harmonic Control (HHC) provides inputs to the collective pitch of the blades, in addition
to those of the pilot, at higher harmonic frequencies (2/rev, 3/rev etc). These inputs are provided
using the primary flight control system, by actuating the swashplate in the fixed frame. The
oscillation caused in the rotor blades due to these inputs induce higher harmonic unsteady
aerodynamic loads that cancel the original loads that cause the vibration.
As it targets vibrations in the rotor, HHC has the benefit of reducing vibrations in the rotor
blades as well as the resultant vibrations in the fuselage. However, the actuators used must be
able to accurately and reliably deliver large forces over a wide range of frequencies without fail-
ing, being excessively heavy or requiring large amounts of power. Additionally, the integration
into the primary flight control system will increase the oscillatory loads the pitch link under-
goes and require a suitable mechanism to ensure control of the aircraft can be maintained in
the event of a failure. The key to a successful implementation of HHC is the development of
appropriate actuators, an accurate and successful control algorithm [63] and suitable safety
contingencies.
The use of HHC to expand flight envelopes, reduce power requirements and improve vibration
characteristics has been extensively researched; some of the key research efforts and findings
are be summarised below:
Payne [79] and Arcidiacono [80] showed, using 2/rev and 3/rev inputs, that the stall boundary
of the flight envelope can be expanded. However, Cheng et al [81, 82] demonstrated only small
power reductions of a four-bladed articulated rotor, like that of a UH-60A Black Hawk. Wachs-
press et al [83] used HHC to reduce induced power as this is a large component of total power
in both hover and forward flight. The result showed that using 2/rev or 3/rev HHC reduced the
induced power of a 4-bladed rotor by 3 %-4 % in forward flight.
Nguyen [84] showed that HHC was effective in reducing hub vibration in a four-bladed rotor
using 3/rev, 4/rev and 5/rev inputs. However, it was also observed that the power requirements
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and actuator amplitudes increased significantly at forward speeds exceeding 100 knots.
Shaw et al [85] demonstrated the concept experimentally in the Boeing Helicopter Wind Tun-
nel using a scaled model of a CH-47D rotor. A 90 % reduction of 3/rev out-of-plane shear forces,
and 2/rev and 4/rev in-plane shear forces was achieved using 2/rev, 3/rev, and 4/rev inputs up
to a forward speed of 188 knots. Similar to that observed by Nguyen [84], an increase in blade
and control system loads was observed due to the large pitch inputs of up to 3 degrees that were
required.
Walsh and Eng [86] deployed the system on Sikorsky S-76A for flight tests. The aircraft was
modified by removing existing passive devices and implementing the HHC with 3/rev, 4/rev and
5/rev inputs targeting a reduction in 4/rev fuselage vibration. A significant reduction in level of
these vibrations was shown alongside the expected increase in blade and control system loads.
1.3.2.2 Individual Blade Control
Individual Blade Control (IBC) is very similar to HHC in that higher harmonic unsteady aero-
dynamic loads are created to cancel those that cause vibration. The most notable difference is
that instead of each blade being actuated identically in the fixed-frame, each blade is actuated
individually in the rotating frame. The ability to control each blade individually may improve
the performance of the system and allow multiple objectives to be obtained simultaneously. This
actuation is most commonly achieved using either active pitch links or active flaps.
Actuation using active pitch links is similar to the actuation of HHC in that it will likely
consist of a hydraulic or electric linear actuator. However, for IBC it is located between the pitch
horn and swashplate, replacing the traditional pitch link. It has been suggested that IBC using
active pitch links would be well suited to controlling flutter, gust response [87] and noise [88]
as well as vibration. A summary of the research performed on IBC using active pitch links is
compiled below:
Research conducted by Leonardo Helicopters, known as Westlands at the time, achieved a
95 % reduction in vibration using IBC. This exceeds the 90 % reduction they observed using
HHC, reducing the remaining vibration by a further 50 % [63].
Kube and Van Der Wall [89] reported results from a full-scale flight test that were performed
using a modified MBB Bo105. Tests were performed at a range of forward speeds, using inputs
of 0.5 degrees at 2/rev or 1 degree at 3/rev. These tests yielded a 50 % and 40 % reduction in
vibration for the 2/rev and 3/rev cases, respectively.
One of the main drawbacks of active pitch link actuation is the active pitch links themselves as
they suffer from many of the same restraints as those required for HHC. One option is to entirely
redesign the primary control system and remove the swashplate altogether [90]. Actuation of
each blade would be performed individually using a combination of actuators, pumps and power
supplies integrated into the rotor hub. The removal of the swashplate and its accompanying
20
1.3. EXISTING VIBRATION SUPPRESSION TECHNIQUES
appendages is estimated to reduce rotor profile drag and the weight of the primary control by
40 % each. The actuation of such a concept would be integral to its success and is therefore
an actively researched area. The use of hybrid piezohydraulic actuators [91] for such a concept
would be preferable due to their low weight and complexity.
IBC can also be actuated using active flaps. This involves the placement of a deformable flap
within the blade which is actuated to create the unsteady aerodynamic loads. The system has the
benefits of requiring less actuation power than active pitch links and is not part of the primary
flight control system. However, it does incur aerodynamic penalties due to discontinuities in the
blade causing additional vortices and turbulence as well as requiring the flap actuators to be
embedded within the blade. A summary of the research performed on IBC using active flaps is
compiled below:
Millott [92] analytically investigated the use of active flap based IBC on a trimmed four-bladed
rotor. A substantial reduction in vibration was achieved and the power required to actuate the
flaps was approximately 90 % lower than using active pitch links. However, it should be noted
that this analysis was performed using a quasi-steady aerodynamic model that would not be
capable of capturing the additional penalties observed due to unsteady effects. It was also ob-
served that the flap location may influence the effectiveness of vibration reduction and that its
geometry had a minor impact on vibration effectiveness but a significant impact on power and
actuator demands.
Another analytical study on a trimmed four-bladed was performed by Milgram [93], however,
this study used an unsteady incompressible aerodynamic model. Active flap inputs at 3/rev, 4/rev
and 5/rev were again shown to reduce hub vibration. However, the effectiveness was shown to
be dependent on the flap’s geometry and location but effectiveness could be retained if sufficient
flap deflection was available.
Dawson et al [94] used a McDonnell Douglas rotor to test the ability of active flaps to reduce
BVI noise and vibrations. 5/rev flap inputs were shown to yield a significant improvement in the
vibratory pitching moment.
Flight tests of active flap actuated IBC were performed by Eurocopter and reported by Kon-
stanzer et al [8]. For these flight tests actuators that could withstand high mechanical loads,
operate at the 8th rotor harmonic and fit within the blade were developed. They demonstrated
a 90 % reduction in 4/rev hub loads but also showed that the best location of active flaps for
manufacturability, vibration response and BVI interactions were not coincident.
Glaz et al [46] used a comprehensive aeroelastic rotor code to assess the optimal performance
of active flaps in conjunction with optimised blade structures to achieve simultaneous improve-
ment in vibration and power. Firstly, the rotor blade, without active flaps was optimised for
maximum vibration and power improvement in isolation. The maximum vibration reduction
achieved was 34.2 % subject to a 13.9 % increase in required power. The maximum power reduc-
tion achieved was 5.93 % subject to an 81.4 % increase in vibration. These analyses were then
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repeated with the inclusion of active flaps. The maximum vibration reduction case showed a
further 7 %-22.9 % reduction in vibration with a negligible additional change in required power.
The maximum power reduction case showed an increase in power savings of up to 0.16 % for
a similar vibration penalty. Due to the conflicting nature of these objectives, a multi-objective
optimisation was performed. Firstly, the optimisation was performed sequentially such that the
blade design was optimised and fixed before the active flaps were included. Secondly, a combined
approach was used to optimise the blade-flap combination simultaneously. The sequential ap-
proach achieved a 30.5 %-36.5 % and 1.2 %-1.3 % reduction in vibration and power, respectively.
The combined approach yielded a 27.4 %-27.6 % and 3.06 %-3.13 % reduction in vibration and
power, respectively.
The use of active flaps has also been considered in conjunction with other active control meth-
ods. The use of multiple methods simultaneously may allow the benefits of each system to be
achieved while sharing penalties associated with additional power requirements and transfer.
The SHARCS project [88] uses three active control subsystems: active impedance device, active
trailing edge flap, active tip to simultaneously reduce noise and vibration.
1.3.2.3 Active Control of Structural Response
Active Control of Structural Response is another form of active vibration suppression. However,
unlike HHC and IBC, it is designed to attenuate vibration directly in the fuselage. The system
generally consists of: sensors located at points of particular interest, such as near the crew
seats and electronic equipment; a controller to calculate the requisite frequency, magnitude and
phase of the load; and actuators (often located between the rotor and the fuselage) to apply the
loads to the fuselage. This technique has the benefits of not being part of the primary control
system which reduces the concerns of safety during a system failure. However, finding the ideal
actuator locations may be difficult and an improved vibratory response at the sensors may not be
indicative of an improved vibratory response of the entire airframe. A summary of the research
on this technique is made below:
An analytical study conducted by Chui and Friedmann [95] demonstrated sufficient vibration
reduction in the fuselage to achieve a Jet Smooth ride. However, large amounts of power were
required to achieve this level of vibration.
Welsh et al [96] performed an experimental study on a modified Sikorsky S-76B. The study
showed that the system was able to reduce vibration in the fuselage across a range of rotor
speeds and required less power than HHC systems.
The system has been flight-tested on a Westland 30 [97] and a UH-60 Black Hawk [98] and
subsequently deployed on production helicopters such as the Westland EH101 [99] and the Siko-
rsky S-92 [100].
A variation of this has been designed and developed by Eurocopter using actuators located
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within the fuselage as opposed to between the rotor and the fuselage [8]. The system has been
deployed in the EC225, weighs less than 0.8 % of the vehicles total weight and reduces acceler-
ations by 50 % ensuring vibration levels are below 0.1g across all flight speeds.
1.3.3 Adaptive-passive methods
In the fast few decades, efforts have been made to combine active and passive techniques to
create adaptive-passive techniques (sometimes referred to as semi-active) [49]. These techniques
work by modifying structural properties, such as stiffness and damping, as opposed to directly
actuating the primary system.
These techniques require significantly less power than active systems but maintain their
adaptability to changing operating conditions. They would also exhibit the reliability and fail-
safe nature of passive systems as they are much less complex than active systems, and their
failure would stop the modification of the structure’s parameters but not damage the structure
or control system itself. The composition of such systems would likely be very similar to an ac-
tive system, comprising of sensors, a controller and actuators. Control system stability is almost
guaranteed for the adaptive-passive techniques since very little power is introduced into the
semi-active control system [49].
These techniques have been successfully used in automotive suspension systems [101] and
variable stiffness members [102] have been used in the civil engineering industry for earthquake
prevention. In recent decades, they have started to be considered for use in rotorcraft vibration
control [49]. The most prominent is the use of a cyclic variation of the root stiffness of a blade
which shall be discussed below:
Nitzsche [103] analytically modelled a rotor blade with variable blade root stiffness. The blade
was assumed to exhibit only uncoupled flap-torsion motion and the aerodynamic loads omitted
compressibility and BVI. Blade properties for the analysis were obtained experimentally from
a dynamically scaled model of an MBB Bo105 blade. Using 1/rev, 3/rev and 5/rev variation in
blade root torsional stiffness, a reduction in the 4/rev blade torsional response was observed.
Nitzsche [104] assessed the performance of the concept on a four-bladed rotor during a low-
speed descent condition with the inclusion BVI, compressibility and dynamic stall effects. It was
shown that 3/rev variation of blade root torsional stiffness was able to considerably reduce the
4/rev out-of-plane and torsional responses.
Phuriwat [49] researched the use of controllable in-plane, out-of-plane and torsional root stiff-
nesses as a means to reduce helicopter vibration in moderate to high speed forward flight using
the University of Maryland Advanced Rotorcraft Code [105]. Initial assessment of the effective-
ness of varying flap, lag and torsional stiffnesses showed very different responses: varying flap
stiffness may result in meaningful reductions in vibratory hub moments (roll and pitch) and
forces; varying lag stiffness may considerably lower hub yawing moments and all vibratory hub
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forces; while varying torsional stiffness could only produce modest reductions in vibratory hub
vertical force. Additionally, for amplitudes larger than an optimal value, varying stiffness may
increase vibration. For stiffness variation at 1/rev, some hub vibrations could be lowered to the
detriment of other hub vibration components. Due to the limited capabilities of variation at
1/rev, higher harmonic variations were considered. Using 2/rev and 3/rev variations in flap and
lag stiffnesses, hub vibration was lowered, which reduced the hub vibration index by 90 %. This
analysis was then repeated using a discretised system as this is the only feasible way to realise
higher harmonic stiffness variation. The results showed that reductions of all hub components
of 55 %-75 % could still be achieved.
du Bois et al [106] employed a cable with variable tension as an adaptive-passive vibration
absorber to reduce vibration in a helicopter tail boom. A finite element model of a Lynx tail boom
was created and validated against experimental data obtained for the first six modes. A cable
running axially along the length of the boom was then incorporated into the model. Tensioning
the cable up to the first buckling mode showed negligible variation in the lower bending modes.
However, the modes of the cable exhibited significant variation and were able to interact with
the structure akin to a vibration absorber and reduce the vibration of all six modes.
Acar and Yilmaz [107] designed a vibration absorber consisting of a string-mass system which
was adaptable using a variable string tension, similar to that seen in [108]. However, the tension
adjusting system utilised a negative stiffness to reduce the required tuning force to create a
compact vibration absorber with low power requirements that were effective across a range
of frequencies. An algorithm was designed to tune the absorber based on the magnitude and
frequency of the most dominant component of vibration. The system was modelled analytically
and validated experimentally and using a finite element model. The results of forced vibration
tests showed that the system could significantly reduce the vibration level of the structure over
the range of operating frequencies. These results were achieved with only small displacement
inputs and a tuning force that was near zero throughout the operational frequency range.
Abouobaia et al [78] considered combining a passive pendulum absorber, similar to that de-
tailed in Section 1.3.1.2, with a magnetorheological damper to attenuate torsional vibration
across a range of excitation frequencies. A magnetorheological damper contains a smart fluid
which is able to reversibly change from free-flowing viscous liquids to semisolids in milliseconds
when exposed to a magnetic field. The controllable viscosity in the liquid provides the magne-
torheological damper, and therefore the overall system, with the adaptability required to operate
effectively across a range of excitation frequencies. The subsequent investigation demonstrated
that the proposed hybrid absorber was effective in reducing the amplitude of torsional vibration;
moreso than either of its components in isolation.
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1.3.4 Applicability to variable speed rotors
It can be seen that there is a wide range of existing vibration suppression techniques, either
in development or in production. To establish how applicable each of these techniques is to
avoiding resonance in variable speed rotors, a set of characteristics that will be required are
defined below:
• The system must be effective at avoiding resonances in the rotor blades across a wide
range of rotor speeds. Owing to the nature of rotors to have multiple resonances across the
range of rotors speed desired, it will be likely that the system will have to be effective in
avoiding resonances of all the modes across a range of frequencies. The resonances must
be avoided in the rotor blade, not just the fuselage, as the stresses these resonances induce
may lead to a loss of the structural integrity of the blade and subsequently the loss of the
aircraft.
• The system must have a high likelihood of being certified for deployment on rotorcraft.
Certification is a large cost in the development of aircraft and their subsystems, therefore
improving the ease with which a system could be certified will improve the chances of it
being used in production aircraft with variable speed rotors. To achieve this it would be
preferable for the system to be fail-safe and not dependent on unproven and immature
technologies.
• The impact of the system on the performance of the aircraft, either directly through its
requirements in terms of mass and power etc or indirectly through its influence on the
rotor itself, should be minimal. The purpose of avoiding resonance is to permit the use
of variable speed rotors to improve the performance of rotorcraft. The more imposing the
requirements of the resonance avoidance system, the lower the net gain in performance
will be.
The ability to effectively avoid resonance of a wide range of modes across a wide range of ro-
tor speeds precludes the majority of passive techniques from being used as they do not have
the adaptability required to influence multiple modes across a range of excitation frequencies.
Additionally, the hybrid absorber-isolators are deployed between the fuselage and the rotor and
would therefore not be capable of avoiding any resonances in the rotor blade itself. The one
system which may remain effective across a range of rotor speeds is the torsional pendulum
absorber. This is due to the lack of influence of centrifugal loading on torsional modes ensuring
almost constant natural frequencies for the torsional modes.
Similarly to hybrid absorber-isolators, active methods that are effective in the fuselage, such
as Active Control of Structural Response are not suitable as they would not avoid resonance
of the rotor blades. Active systems such as HHC and IBC target the vibrations in the rotor,
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and would potentially be suitably adaptable, but have significant limitations of their own. HHC
and IBC actuated by active pitch links, both require actuators with high levels of repeatability,
controllability and that are capable of generating large loads across a wide range of frequen-
cies. This is likely to lead to complex heavy actuation systems with large power requirements
which would significantly detract from the net performance improvements available through
the use of a variable rotor speed. In conjunction with this, their complexity and integration into
the primary flight control system will increase their susceptibility to failure and the worsen the
repercussions experienced in the event of a failure which will, in turn, impede their certification.
IBC actuated by active flaps overcomes some of these problems by avoiding direct integration
with the primary control system and requiring less power than their active pitch link counter-
parts. However, the actuators themselves must be sized such that they can be embedded within
the blade and also require the transfer of power from the hub to their location on the blade.
Additionally, the effectiveness of active flaps has been shown to be dependant on their spanwise
location which may result in reduced effectiveness at different rotor speeds. Additionally, these
active techniques are designed to reduce what may already be small vibrations to even lower
levels, not avoid catastrophic resonance in a rotor which may result in the structural failure
in the blade. It is not known whether these techniques would remain effective under the much
larger oscillations associated with resonance.
Adaptive passive techniques do exhibit a promising compromise but there are few techniques
available, let alone that are sufficiently mature to be deployed and certified. While the power
requirements of a variable root stiffness device may be lower than comparable active systems,
they may still be undesirably high due to the frequency of their actuation at higher harmonics.
Additionally, their effectiveness in a rotor with variable rotor speeds has not been considered
and therefore cannot be guaranteed. The adaptive-passive vibration absorber showed promis-
ing results with low power requirements and a simplicity that would aid certification but this
was employed in the context of a helicopter tail boom. It is not known whether this technique
would be effective for rotor blades or how effective it would be across a range of operating con-
ditions. Despite the plethora of existing vibration techniques, each with their own advantages
and disadvantages, there appears to be no single technique that exhibits all of the required
characteristics. The adaptive-passive techniques show the most potential to meet these charac-
teristics, particularly if one could be developed that requires low frequency actuation to keep
the actuation requirements and complexity low.
1.4 Effect of applied loading on structural dynamics
The use of applying loading to structures to alter their dynamic properties has been extensively
investigated, both analytically and experimentally, under many different guises for various pur-
poses, including adaptive passive resonance avoidance. A summary of a range of research efforts
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has been made below:
Turkstra and Semercigil [109] theorised that spinning shafts with supercritical operating
speeds could avoid resonant conditions when passing through critical speeds using a switch-
ing tensile member. As a critical rotational speed is approached, a binary tensile member’s state
is switched. The change in axial load alters the shaft’s natural frequency, allowing the previ-
ously critical rotor speed to be passed through. This switching of states would continue until
the operational rotor speed had been reached. An analytical study of an axially tensioned shaft
quickly and simply demonstrated that the theory should work but careful designing of the ten-
sile member would be required to ensure sufficient separation between the natural frequencies
of the shaft in its two different states.
Virgin and Plaut [110, 111] explored the effects of axial loads on the forced vibrations of
non-rotating beams. Analytical solutions of Euler-Bernoulli beam equations provided insight
into the static and dynamic behaviour under these axial loads. The relationship between load
and the square of frequency was almost linear, even if the mode of vibration and the buckling
mode were not identical; however, the linearity may deteriorate as near buckling. The fraction
of the critical buckling load that was applied was also shown to have an approximately squared
relationship with the amplitude of resonance but a linear relationship with the static amplitude
of the unforced beam.
du Bois et al [112] used the introduction of known loads to adaptively retune the dynamics of
structures. A structurally redundant, cross-braced rectangular frame was tested experimentally
and modelled using finite element, with excellent correlation, to demonstrate the ability of struc-
tural loading to tune the dynamics of the structure. It was suggested that the tuning capability
could be used to shift the natural frequencies outside the range of the excitation frequencies or
align antiresonances with the excitation frequencies. A feasibility study for automated load con-
trol was then performed which demonstrated an improved vibratory response with a low power
requirement. However, warnings were made about the need for a suitable controller to avoid
rapid change in actuation demands and account for delays and lags in the actuation system.
Zhang et al [113] discovered that a beam’s dynamics become more sensitive to loading as
the critical buckling load is approached. Therefore, accurate modelling of the effects of struc-
tural loading becomes paramount to ensure the correct trade-off between desired sensitivity
and structural stability.
Nudehi et al [114] used a buckling type end force to actively control the transverse vibration
of a flexible cantilevered beam. The system used measurements and estimations of modal ampli-
tudes to appropriately apply a load such that it will remove vibration energy from the structure.
The end load is binary, switching between two sub-buckling values, at a predetermined fre-
quency. The efficacy was demonstrated using both simulations and physical experiments. It was
observed that using a single sensor and actuator all modes within the bandwidth of the actuator
could be controlled but the chosen loads influenced the effectiveness.
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Tian et al [115] experimented with active tendons, controlled with Integral Force Feedback,
to increase the damping in targeted modes of a suspension bridge. The additional damping was
successfully demonstrated, as was the ability to alter the mode shapes and frequencies.
Preumont et al [116] used active tendons to control a large truss structure. A tendon was cho-
sen as it is a lightweight method to alter stiffness and shape and actively damp vibrations. The
tendon’s dynamics are excluded from the model which is subsequently experimentally validated.
The model is then used to show that the effects on damping and stiffening are not independent.
Additionally, it was shown that the mass of the tendon and the value of tension must result
in a first mode of the tendon that is above the frequency range to be damped to minimise the
detrimental effect of the tendon vibration on the structure.
Issa et al [117] used cable actuators for structural vibration suppression. They considered the
interaction between the cable and the structure and showed that there are two main effects on
the structure: the parametric effect where the load changes the structures stiffness; and the
direct effect that provides an external force on the structure.
Suzuki and Kagawa [118] investigated the use of Shape Memory Alloy tendons as actuators
in active vibration control. A set of Shape Memory Alloy tendons were attached to the tip of
a cantilevered beam with bending-torsion coupling and a control system was designed using
H-infinity theory. The system was evaluated experimentally and using a mathematical model,
with good correlation shown between the two. The system was able to simultaneously damp the
four vibrational modes considered - one torsional and three bending.
Svendsen et al [119] computationally investigated the use of oscillatory compressive loading
to actively control the dynamic response of a single mode of a wind turbine rotor blade. The
time-varying compressive load was to be generated using an active strut and a resonant con-
troller based on a sensor collocated with the actuator. It was demonstrated that this collocated
sensor-actuator system was able to reduce modal vibrations at the targeted mode in the specified
operating conditions.
Krishnan et al [120] used the application of an applied compressive load in an aeroelastic
context. Unlike variable speed rotors, where resonance is to be avoided, the purpose of this
research was to use compressive loading to reduce flutter speed as this is a desirable trait for
systems such as energy harvesters that require large amplitude oscillations. An experiment was
devised using an aerodynamic plate attached to the main structure via a cantilevered beam. The
structure was placed in a wind tunnel to determine the flutter speed. A compressive load was
applied axially along the beam to reduce its natural frequency which successfully reduced the
flutter speed by 12 %.
The use of applied loading to alter the vibratory characteristics of a wide array of structures
has been investigated both theoretically and experimentally. There are two clear ways in which
applied loading has been utilised. One of which uses oscillatory loads which operate at frequen-
cies similar to that of the vibration they are intended to alter. The second is to use a constant
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applied load to alter the dynamic properties of the structure such that resonant interactions are
avoided. Both of these techniques have been shown to be effective, however, their application to
rotorcraft blades has not been considered. One additional phenomenon that would be encoun-
tered should these methods be employed in a rotor blade would be that of aerodynamics. Unlike
the majority of the aforementioned structures researched, rotor blades undergo significant aero-
dynamic loading which may couple with the altered dynamics resulting in unusual aeroelastic
behaviours, as hinted in [120].
1.5 Compressive loading based resonance avoidance concept
The concept being explored in this research is the use of applied compressive loading to a rotor
blade, as shown in Fig. 1.4, to tune the frequencies of the rotor blade so as to avoid resonance.
Figure 1.4: Schematic of compressively loaded blade concept.
It is well understood that centrifugal loads provide a significant contribution to the effective
stiffness of a rotor blade which in turn determines its dynamic properties. It is hypothesised that
an applied compressive force would partially oppose the centrifugal force, reduce the centrifugal
stiffening effect and therefore lower the natural frequencies of the blade.
To demonstrate the core principle behind this concept, an analytical solution for the natural
frequencies of a simplified blade are derived in Appendix A. The equations can be seen to take
the form shown in Eq. (1.1) whereby each coefficient, α, β, γ, is real and positive and represent
the contributing effects of rigidity, rotation and applied compressive loading, respectively.
−λ2 =α+βΩ2 −γP (1.1)
The format of these equations is similar to the equations developed by Southwell [121] and
clearly show the separate contributing effects. It can be seen that the terms pertaining to rigidity
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and rotation are positive, demonstrating the known behaviour of rigidity and rotation to increase
effective stiffness and therefore frequency. However, the compressive loading term is negative
which implies that all of the frequencies will reduce with the application of a compressive load.
If the natural frequencies of a rotor blade can be manipulated then it would be possible to
avoid resonance by reducing the natural frequency of a blade if it coincides with an excitation
frequency. Therefore, a rotor would be able to operate across a range of rotor speeds without
experiencing resonance. An example fan diagram for a loaded and unloaded rotor blade are













Figure 1.5: Fan diagram of a typical rotor blade showing the resonance avoidance capability of
compressive loading.
It can be seen that when the blade is unloaded, there are multiple instances where, at the
correct rotor speed, the natural frequency of the blade and the rotor harmonics coincide which
would likely cause resonance. With the application of a compressive load, the natural frequen-
cies reduce and no longer coincide with a rotor harmonic.
This concept offers many benefits over the aforementioned vibration suppression techniques
in terms of its ability to exhibit the characteristics required of a resonance avoidance system for
variable speed rotors that were stated in Section 1.3.4. Regardless of rotor speed, the compres-
sive load would still influence the dynamics of all desired modes. Therefore, it will remain able to
reduce the resonance of any mode at any rotor speed which is not true of the passive techniques
discussed in Section 1.3.1. Unlike the active, and some of the adaptive-passive techniques, dis-
cussed in Sections 1.3.2 and 1.3.3 which are inhibited by actuation demands and safety concerns,
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this concept should not encounter such issues. As actuation would only be required when operat-
ing conditions change, the actuator would be operating at a frequency many orders of magnitude
lower than that of the aforementioned active and adaptive-passive techniques which would save
considerable amounts of power. The current concept also has the benefit of not being integrated
with the primary flight control system. Therefore, any failure would result in a loss off the abil-
ity to manipulate frequencies, which would limit the range of operational rotor speeds available,
but it would not prohibit the aircraft from flying.
1.6 Aims and objectives
Rotorcraft with a variable rotor speed are one means that are being considered by the industry
to improve their performance, particularly with respect to fuel usage and the emission of green-
house gases. Whilst the performance benefits are well established, there is an accompanying
resonance problem which is one of the key factors preventing the widespread use of variable
speed rotors. The variation of rotor speed alters the natural and excitation frequencies of a
rotor, often resulting in resonant interactions between the two. These interactions may cause
increased vibratory loads which deteriorate passenger comfort and equipment functionality, or
potentially the loss of the structural integrity of the rotor blade and subsequently the loss of the
aircraft.
The aim of this research is to investigate the use of compressive loading as an effective means
to avoid resonance in variable speed rotorcraft.
The proposed concept employs an applied compressive load to alter the dynamic properties of
the rotor so as to avoid resonant interactions and their associated effects which would allow the
safe operation of the rotorcraft across a wide range of rotor speeds.
This aim can be broken down into a few key objectives:
1. Establish the capability of compressive loading to alter modal properties of a rotor blade
and reduce vibratory loads.
2. Assess the magnitude of loads that would be required and feasibility of the requisite actu-
ators.
3. In the context of a variety of realistic rotor blades, evaluate the capability of compressive
loading to avoid resonance of all significant modes across a wide range of operational rotor
speeds.
4. Evaluate the impact of the aerodynamic loads in hover on the ability of compressive load-
ing to intentionally alter the aeroelastic properties of a rotor blade, such as natural fre-




1.7 Overview of dissertation
Chapter 1 has introduced the motivation for this research; detailing the performance benefits of
variable speed rotors along with the actuation and vibratory problems associated with them. A
review of existing vibration techniques was performed to evaluate the capabilities of existing and
emerging methods to solve the resonance avoidance problem that is the focus of this research.
Finally, a summary of existing research efforts in to the influence of applied loading on structural
dynamics precedes the explanatory introduction of the proposed concept.
Chapter 2 details the modelling methodology, mathematical problem definition, numerical
solver and algorithmic solution procedure that is common to each of the sub-models that form
the foundation of the subsequent work.
Chapter 3 evaluates the initial feasibility of the proposed concept. An experimental study
is performed on the impact of compressive axial loading on the structural dynamics of a non-
rotating beam. The results of this study are used to inform and validate the modelling method-
ology for the applied compressive load that is used throughout the rest of the presented research.
A case study is performed to assess the magnitude of compressive loading that would be needed
to achieve the maximum expected change in natural frequency that may be required for a range
of different full-scale aircraft. A subsequent sizing of a theoretical actuator is performed to as-
sess the spatial and power requirements that may be incurred if the proposed system were to be
employed. Finally, a brief investigation of the vibratory loads experienced in forward flight, and
the reduction available using compressive loading, is performed to establish the relationship
between compressive loading based modal tuning and a reduction in vibratory loads.
Chapter 4 incorporates the additional physical features of initial twist, torsional deformation
and non-coincident mass and elastic axes to improve the ability of the model to realistically
represent a rotor blade. Once validated, the model is used to evaluate the implications of the
additional physical features on rotor blades across a range of rotor speeds and compressive
loads. A case study is then performed on a range of aircraft to optimise the modal tuning at
each rotor speed. The loading values used were within a prescribed range to avoid the loss
of structural stability of the blade. A subsequent assessment of the proportion of the desired
rotor speed range that is safely operable is then made and compared with the case with no
compressive loading.
Chapter 5 incorporates geometric nonlinearities and unsteady aerodynamics to further in-
crease the fidelity of the model. Once validated, the model is used to evaluate the implications of
the additional physical features on rotor blades across a range of rotor speeds and compressive
loads. Subsequently, a case study is then performed on a set of aircraft to optimise the aeroe-
lastic response using compressive loading and evaluate the range of rotor speeds that could be
safely operated in.
Chapter 6 summarises the conclusions drawn from the research effort and recommends some
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potential future research efforts that would further progress the development of compressive












The concept being investigated, as introduced in Section 1.5, uses the controlled application of
an applied compressive load to the blade to alter the natural frequencies of the blade. The ability
to alter the natural frequencies of the blade will allow them to be shifted away from potentially
resonant excitation frequencies and ensure the safe operation of the aircraft across a range of
rotor speeds.
To assess the capability of compressive loading to avoid resonances, it is necessary to be able to
calculate the dynamic properties of rotor blades. Therefore, a model that is capable of capturing
the physical behaviour of rotor blades, including the effects of an externally applied compressive
force, is developed.
Within this chapter, a brief review of existing rotor blade models is provided before the mod-
elling methodology for the present model is chosen. Subsequently, the numerical solver and
algorithmic procedure that form the model is described.
2.1 Existing models of rotor blade dynamics
Due to the importance of the aeroelastic behaviour of rotor blades, extensive efforts, both in
research and industrial environments, have been expended to be able to model the behaviour
of helicopter rotors. A wide variety of different methodologies have been developed and used to
target specific modelling capabilities.
It is commonplace for rotor blades to be modelled as one-dimensional entities as the span
of the rotor blade is the dominant geometric dimension of a blade; most rotor blades have an
aspect ratio (radius:chord) between 10 and 20 [122]. Therefore, the analysis of the inherently
three-dimensional structure can be split into a two-dimensional analysis of the blade cross-
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section and a one-dimensional analysis along the span of the blade. It can be assumed that the
shape of the cross-section is unaffected by variation in the other dimension such that it can be
parameterised independently of the one-dimensional analysis. Truong et al [123] showed that
one-dimensional analysis can compare well to three-dimensional analysis for the lowest eight
modes of rotor blades if the cross-section is small compared to the wavelength of the vibrations
of interest, i.e. the aspect ratio is greater than ten.
Models that capture the coupling between structural and aerodynamic aspects of a rotor blade
are the most all-encompassing type of rotor model. Broadly, these models can be separated into
two types: CFD-CSD and comprehensive rotor codes. CFD-CSD models consist of high fidelity
three dimensional Computational Fluid Dynamics (CFD), to calculate the aerodynamic loads,
coupled with high fidelity three dimensional Computational Structural Dynamics (CSD), to cal-
culate the subsequent structural deformations. Comprehensive rotor codes consist of mid-fidelity
aerodynamic models (e.g. 2D aerofoil table lookups and prescribed wake models) coupled with
multi-body structural models (e.g. one-dimensional beam models) to analyse rotor blades in a
range of scenarios. The complicated nature of the constituent components and their coupling
means these types of model are often very complex and require extensive validation to ensure all
physical phenomena are correctly captured. Due to the large expenditure required to formulate
and validate such codes, they are usually developed by large organisations such as universities,
governmental entities or commercial companies.
A brief history of comprehensive rotor codes and their development over time has been com-
piled by Kunz [124] and Johnson [125]. They commented that Finite Element (FE) techniques
using beam elements and continuous one-dimensional beam theory were both used for the struc-
tural models in a variety of codes. It was also noted that second-generation comprehensive codes
use a lifting line aerodynamics model. These models used a two-dimensional lookup table for
aerofoil properties and calculated the rotor inflow using a free wake model that evolves over
time and captures the interaction between different vortices. These types of inflow model are
computationally expensive and often require initialisation from uniform or linear inflow mod-
els and prescribed wake models. Despite this initialisation, the computational expense remains
too high for some simulations, such as aeroelastic stability analysis, where lower fidelity inflow
models are required.
A direct code to code comparison of the ability of DYMORE II and CAMRAD II (a well-
established commercial comprehensive rotor code) to model a rotor in descending flight was
performed by Park and Kee [126]. Despite CAMRAD II’s more elaborate structural and aerody-
namic models it was only able to offer occasional and marginal performance improvements; most
of these were due to DYMORE II being unable to model the effects of Blade Vortex Interaction
(BVI). As BVI frequencies are often too high for elastic vibrations to be sensitive to them [127],
it was expected that the ability of CAMRAD II to capture this phenomenon would only result in
minor changes to the results.
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Despite the attempts of comprehensive rotor codes to capture all of the physical phenomena
experienced by a rotor, they are not always suited to research environments. Due to the inherent
novelty associated with many aspects of research, comprehensive rotor codes are often unable
to capture the effects of the concept being researched. For example, the present concept utilises
the effects of an applied compressive load; a feature which may not be captured using existing
comprehensive rotor codes. This may be overcome with the use of a surrogate model to fit the
research concept into the framework of an existing comprehensive rotor code but due to the com-
plexity of creating a surrogate model and validating its use in a comprehensive rotor code, this is
not always possible. More commonly, an independent model is developed that is specifically tar-
geted at capturing the key physical behaviour of the rotor and the concept being investigated.
For this approach to rotor blade aeroelastic analyses, it is commonplace to use a structural
beam model based on a set of one-dimensional Partial Differential Equations (PDEs) coupled to
a blade element aerodynamic model and solved as a Boundary Value Problem (BVP) [128]. A
few examples of these models are summarised below:
Hodges and Ormiston [3] used nonlinear beam equations coupled with a 2D unsteady blade el-
ement model and a uniform steady inflow to investigate the aeroelastic stability of hingeless ro-
tor blades in hover. A linearisation procedure was performed and the subsequent perturbations
were solved using a two-stage Galerkin method. A similar model was used by Gennaretti [129]
to investigate vibration reduction using a combination of active flaps and variable stiffness. The
main addition to the model was the incorporation of a free wake inflow model to include higher
frequency effects.
Ryu et al [130] used intrinsic beam theory in conjunction with blade element theory and a
finite-state dynamic inflow model to model the HART II rotor in descending flight. The aero-
dynamic and structural model were loosely coupled, whereby each model runs in series and
aerodynamic loads and structural responses are transferred between the models. This process
repeats until the desired convergence criterion has been met. A model based on the same in-
trinsic beam theory was used by Amoozgar et al [131] to replicate the aforementioned work of
Hodges and Ormiston [3]. The model was solved using a Differential Quadrature Method to
demonstrate the capability of the solution method.
It can be concluded from these modelling efforts that the choice of modelling methodology is
determined by its intended use. For commercial companies which require high levels of accuracy
during their design process, have large budgets, and are not aiming to incorporate technologies
outside of the scope of CFD-CSD or comprehensive rotor codes, these more complex and com-
putationally expensive models are the most suitable. However, for research of new and novel
concepts, lower-fidelity models which are specifically formulated to capture the key physical
behaviours of a rotor blade and the concept being investigated, are the preferred choice.
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2.2 Methodology of chosen modelling approach
Due to the different features and characteristics of various modelling methodologies, careful
consideration must be used when deciding what type of model to develop. Herein, a methodology
shall be chosen that is capable of capturing the key physical behaviours of a rotor blade and the
influence of an applied compressive load. This shall be used to create three sub-models to capture
different physical phenomena.
Whilst the accuracy of comprehensive rotor codes across a range of flight conditions and their
level of validation is appealing, they are not suitable for the present research as they do not
have the capability to capture the effects of applied compressive loads. Unfortunately, modifi-
cation of these codes to include this capability may not be possible and would require rigorous
validation of the new capability. Additionally, the complexity of these models, particularly their
coupled aeroelastic modelling, may result in computationally expensive simulations which of-
fer improvements that are either small or only pertinent in specific flight conditions. Therefore,
an independently developed model shall be formulated that captures the desired phenomena
and is computationally efficient to improve its performance during computationally expensive
procedures such as optimisations or large parametric sweeps.
Similarly to those discussed previously, the model used for this research will take the form of
a two-point BVP. This consists of a set of equations governing the behaviour within the solution
domain and constraints at the two limits of the domain to define its end conditions.
One option to solve BVPs is the FE method. This consists of discretising the solution space
into elements, applying the desired constraints to the boundaries and formulating mass and
stiffness matrices which can, in turn, be used to create a weak form characteristic equation to
calculate natural frequencies. The main benefit of FE methods in this instance is that they are
available via existing commercial packages which contain a large library of elements to choose
from and are extensively validated and are therefore reliably accurate if the user configures the
problem correctly.
The alternative option is to solve the differential equations directly in the strong form. These
problems are formulated using a set of smooth continuous first-order Ordinary Differential
Equations (ODEs), h, over a finite domain, x, and a set of constraints at the boundary of the
domain, g, as shown below.
dh
dx
(x,h, s), R0 ≤ x ≤ R
g(h(R0),h(R), s)= 0
(2.1)
The use of a one-dimensional modelling approach imposes additional limitations. For instance,
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three-dimensional modelling approaches would capture localised deformations of the cross sec-
tion which may influence the response of the blade at high deformations or compressive loadings.
To ensure that the problem is sufficiently well posed to allow a solution to be found, it is nec-
essary to ensure that the number of constraints at the domain boundary is equal to the number
of the first-order ODEs. If an additional parameter is to be solved for then an accompanying
boundary condition is required.
This form does not inherently require the discretisation involved in FE methods which usu-
ally permits a more general variation of blade properties. However, most solution methods will
involve some form of spatial discretisation of the PDE over the solution domain. Similarly to
the choice of element in FE, the choice of differential equation will dictate the assumptions,
limitations and computational cost of the model.
Despite the number of well established FE beam models, for the current work, the continuous
differential equations shall be solved directly. The main benefit of this approach is in the con-
trol and flexibility over the capturing of physical phenomena that it provides. For instance, the
adoption of a strong form approach makes it possible to examine the differential equations gov-
erning the solution domain and the boundary conditions and identify the physical phenomena
that individual terms pertain to at all points along the domain. These terms can subsequently
be subdued or amplified to evaluate their impacts and provide insight into which physical phe-
nomena are influencing the results. Additionally, the ability to choose differential equations will
allow structural and aerodynamic models developed specifically for rotorcraft to be used.
For this research, three different sets of PDEs are used to form three separate sub-models. Al-
though high fidelity beam theories, such as VABS [132] and geometrically exact intrinsic beam
theory [133], have been developed and used to model rotor blades [131, 134], the additional
capabilities that they offer are beyond the scope of this research. Therefore, to avoid any unnec-
essary modelling complications, each of the three sub-models shall use a set of PDEs based upon
Euler-Bernoulli beam theory (also referred to as Classical beam theory). Euler-Bernoulli beam
theory is a special case of Timoshenko beam theory. For an unforced linearly elastic, isotropic,





























However, it is often assumed that rotational inertia and shear deformation are negligible.
This removes the rotational inertia term (underlined in Eq. (2.2)) and implies that Ψ = ∂w
∂x
which reduces Eq. (2.2) to Euler-Bernoulli beam which forms the basis of the models presented
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herein. This simplification typically results in a slight underestimation of deflections and over-
estimation of natural frequencies, particularly at higher frequencies [136]. The use of the full
Timoshenko beam theory may offer improvement for non-slender beams or for high-frequency
responses. However, Euler-Bernoulli beam theory is reasonably justified for isotropic homoge-
neous slender beams featuring simple cross-sections.
Initially, a relatively low fidelity set of PDEs is used to capture the principle behaviours of the
dynamics of a rotor blade and provide an understanding of the principle effects of compressive
loading. The PDEs are subsequently replaced to capture additional behaviour and increase the
fidelity and realism of the model.
The first set of PDEs [51] represent the motion of an untwisted in-vacuo rotor blade in the
plane of rotation (herein referred to as in-plane motion) and out of the plane of motion (herein
referred to as out-of-plane motion), as seen in Fig. 2.1 and Eq. (2.3).
(a) Isotropic view
(b) End view
Figure 2.1: Schematic of the blade and motion that can be captured by the first set of PDEs.
− (Tw′∗)′+EI ywiv∗ +mẅ∗ = 0
− (Tv′∗)′+EIzviv∗ +mv̈∗−mΩ2v∗ = 0 (2.3)
These equations capture effects of rigidity (EI y,EIz), blade inertia (mv̈∗,mẅ∗) and internal
axial loads (T,mΩ2v∗) such as that induced by centrifugal forces and applied compressive loads
for an untwisted blade. The lack of interaction between the in-plane and out-of-plane motions is
due to the omission of phenomena such as twist which would induce coupling.
The second set of PDEs used are those derived by Houbolt and Brooks in [137]. These equa-
tions represent the torsional motion of the rotor blade in addition to the in-plane and out-of-
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plane of the previous set of equations. The equations also account for blade pitch, twist and a
non-coincident mass and elastic axis, as shown in Fig. 2.2 and Eq. (2.4).
(a) Isotropic view
(b) End view
Figure 2.2: Schematic of the blade and motion that can be captured by the second set of PDEs.
− (Tw′∗)′+
[
−TeAφ∗ cos(θ)+ (EIz −EI y)cos(θ)sin(θ)v′′∗+ [EIz sin2(θ)+EI y cos2(θ)]w′′∗
]′′
+mẅ∗+meφ̈∗ cosθ− (meΩ2xφ∗ cos(θ))′
= (TeA sin(θ))′′+ (Ω2mxesin(θ))′
− (Tv′∗)′+[TeAφ∗ sin(θ)+ [EIz cos2(θ)+EI y sin2(θ)]v′′∗+ (EIz −EI y)cos(θ)sin(θ)w′′∗]′′
+mv̈∗−meφ̈∗ sinθ−mΩ2[v∗− eφ∗ sin(θ)]+ (meΩ2xφ∗ sin(θ))′







−TeA(w′′∗ cosθ−v′′∗ sinθ)− (GJφ′∗)′+mk2mφ̈∗+mΩ2φ∗(k2m2 −k2m1)cos2θ
+meΩ2x(w′∗ cosθ−v′∗ sinθ)− (v̈∗−Ω2v∗)sinθ+ ẅ∗ cosθ
= (Tk2Aθ′)′−mΩ2(k2m2 −k2m1)sin(θ)cos(θ)
(2.4)
The twist and non-coincident axes result in significant amounts of coupling between the afore-
mentioned motions which will improve the accuracy with which the model represents a realistic
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rotor blade.
The final set of PDEs used are those derived by Hodges and Dowell in [138]. These equations
represent the axial motion of the rotor blade in addition to the torsional, in-plane and out-of-












sin(θ+φ∗)+ (EIz −EI y)cos(θ+φ∗)sin(θ+φ∗)v′′∗
+ [EIz sin2(θ+φ∗)+EI y cos2(θ+φ∗)]w′′∗
]′′
+mẅ∗+meφ̈∗ cosθ












cos(θ+φ∗)+ [EIz cos2(θ+φ∗)+EI y sin2(θ+φ∗)]v′′∗
+ (EIz −EI y)cos(θ+φ∗)sin(θ+φ∗)w′′∗
]′′
+2mΩu̇∗+mv̈∗−meφ̈∗ sinθ
−2meΩ(v̇∗′ cosθ+ ẇ∗′ sinθ)−mΩ2[v∗+ ecos(θ+φ∗)]






















(w′′∗ cosθ−v′′∗ sinθ)− (GJφ′∗)′
+ (EIz −EI y)
[
(w′′2∗ −v′′2∗ )cosθsinθ+v′′∗w′′∗ cos2θ
]
+mk2mφ̈∗
+mΩ2φ∗(km22 −km12)cos2θ+meΩ2x(w′∗ cosθ−v′∗ sinθ)− (v̈∗−Ω2v∗)sinθ
+ ẅ∗ cosθ = Mφ−mΩ2(km22 −km12)cosθsinθ
(2.5)
In addition to the behaviour captured by the previous set of equations, these equations also
account for geometric nonlinearities and allow for the inclusion of aerodynamic loading. Al-
though there is no explicit inclusion of aerodynamic loading in these equations, the inclusion
of generalised forces allows for an external aerodynamic model to be incorporated. The aero-
dynamic model used is that derived by Greenberg in [139]. This model calculates the unsteady
aerodynamic loads generated by a harmonically oscillating rotor blade in an inviscid flow.
The focus of this research is to assess the ability of compressive loading to alter the natural
frequencies of a rotor blade as a means to avoid resonance in variable speed rotors. Therefore,
the method with which that load is applied, and any associated implications, is beyond the scope
of this work and can be considered a separate topic of research in its own right. It is expected
that if the effects of compressive loading can be shown to yield the desired benefits of variable
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speed rotors, this would motivate further research in answering the necessary questions about
load application system such as:
• Could the load be applied using technology embedded within the blades such as Shape
Memory Alloys?
• Could the load be applied using a physical entity located within the blade such as a flexible
tendon, a pin-jointed lattice structure, a solid bar, or a flexible beam with a tailored cross-
section?
• If using a physical entity within the blade, would its dynamics be suppressed, e.g. using
viscoelastic coatings or embedding within the internal foam often used to layup composite
blades, or potentially exploited, as demonstrated in [106]?
Some efforts are already being made to investigate load application systems and their implica-
tions on blade dynamics. The SABRE project [140] is investigating this in the context of flexible
tendons [141, 142, 143, 144].
As the focus of this research is the compressive load, the dynamics of a load application system
shall not be considered. Instead, a point force applied at the tip of the blade shall be used to
apply the compressive load. This is common practice and has been utilised in many previous
research efforts such as: avoiding critical rotor speeds in spinning shafts [109]; investigating the
effects of compressive loads on the vibration of beams [110, 114, 113]; the use of shape memory
wires to augment structural damping [145]; active control of large trusses using tendons [116];
the use of a tendon to control the vibration of a cantilever beam [118]; and resonant vibration
control of rotating beams [119]. There are instances where the load application system has been
modelled, using FE or analytical models, such as when researching: suppression of structural
vibrations using cable actuators [117]; the use of tensioned cables as an adaptive tuned vibration
absorber for response suppression in rotorcraft [106]; dynamic vibration absorbers composed
of a string-mass system [107]; active tendon control of a suspension bridge [115]. Often, the
reason the application system is modelled because it is being used as a vibration absorber [106,
107], for which the inclusion of the system’s dynamics are integral. The effects of this modelling
methodology are discussed in detail in Section 3.2.
The formulation and handling of the aforementioned equations of motion and their associated
boundary conditions is inextricably linked to the modelling methodology of the applied compres-
sive load. Therefore, the implementation details of the previously described equations and the
associated boundary conditions are described in situ for each sub-model.
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2.3 Model formulation
The mathematical model used to solve the aforementioned BVP and assess the capability of
compressive loading to tune the modal properties of a rotor blade such that resonance can be
avoided in rotors with a large range of operational rotor speeds is described herein. The model
can be split into two components which shall be discussed separately. Firstly, the numerical
solver used to solve the BVP, along with the requirements associated with it, shall be discussed.
Secondly, the algorithmic procedure for using the numerical solver to calculate the desired modal
properties across a range of operating conditions is described.
2.3.1 Numerical boundary value problem solver
The numerical solver used was chosen to ensure it was capable of handling the complexities
involved in solving the aforementioned PDEs. Due to the coupling between the equations for
each different motion observed in Eqs. (2.4) and (2.5), it is necessary that the model can simul-
taneously solve multiple coupled equations. There is also a high likelihood that in an analysis
of any given rotor configuration, there will be multiple modes with similar natural frequencies.
Therefore, the solver must be capable of calculating both natural frequencies, despite their sim-
ilar values and proximity to one another. In Eq. (2.5) there are nonlinear terms present as well
as aerodynamic loading which will induce complex eigenvalues with both a real and imaginary
component. Therefore, the solver must additionally be capable of solving nonlinear problems
and handling complex eigenvalues. Finally, it would be beneficial for the implementation of the
model and the run time of simulations if the model was: computationally efficient; able to gener-
ate and update its discretisation mesh automatically; and did not require analytical derivatives
to be provided a priori.
Subsequently, the numerical method employed to solve the BVP is Collocation. Collocation
methods use a set of candidate solution which are evaluated at prescribed points within the
problem domain and refined to reduce residual errors. These methods are widely used for solving
differential equations and are well known for their ease of implementation, good convergence
characteristics and computational efficiency when compared to Galerkin and FE methods [146,
147, 148]. Due to the popularity of this solution method, there are existing solvers, such as
bvp4c, which are readily available for solving differential equations in MatLab [149, 150].
bvp4c was developed with the intention of making it easy to solve large classes of BVPs for
ODEs in MatLab. The numerical method of bvp4c can be viewed as Collocation method with a
C1 continuous piecewise cubic polynomial used to define a candidate solution. The polynomials
evolve iteratively to minimise residuals across the domain and at the boundaries. This is per-
formed by linearisation of the equations and utilises the linear equation solvers of Matlab. Error
estimation, the addition and removal of Collocation points to the mesh, and convergence criteria
are all based on the residuals of the candidate solution.
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Due to the broad range of problems with which it is designed to solve, it exhibits many at-
tributes not always common in alternative BVP solvers: it can solve for a vector of unknown
parameters which will allow for the calculation of natural frequencies; it does not require an-
alytical derivatives, and there is no explicit requirement of linearity or wholly real solutions
which will be necessary for the final set of PDEs, Eq. (2.5). Although the speed of calculation
was not a requirement of its development, bvp4c is able to reduce run time by allowing the user
to vectorise the problem and provide analytical Jacobians. There are a few stipulations in how
the BVP to be solved by bvp4c is formed:
• As it is possible for BVPs to have more than one solution, bvp4c requires an initial esti-
mate for the desired solution and an initial mesh that reveals its behaviour. Attaining a
suitable initial estimate is often a problematic aspect of solving BVPs. However, bvp4c is
very robust and able to handle poor initial estimates and meshes and still converge on a
solution. It should be noted that the solution converged upon may not be the one desired
if the initial estimate is very poor and multiple solutions exist in close proximity to each
other.
• The equations that represent the blade’s behaviour within the domain, herein referred
to as the field equations, must be one-dimensional ODEs. This requires that the PDEs
described previously are reduced to ODEs.
• The number of boundary conditions must be equal to that of the order of the field equations
to ensure that the problem is well posed. For example, a set of ten first-order equations
would require ten boundary conditions.
Each set of PDEs must be processed into a set of first-order equations that conform with the
aforementioned stipulations. An example of this process of shown below using the following set
of arbitrary differential equations.
iw′′∗+ jẅ∗+kv∗ = 0
iv′′∗+ jv̈∗+kw∗ = 0
(2.6)
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This form of harmonic motion, est, is chosen over the oft used form, eiωt, to retain the conven-
tional form of damped frequencies, i.e. the real component pertains to damping/stability.
When substituted into Eq. (2.6), the factor of est can be dropped to remove the temporal do-
main from the PDEs resulting in the ODEs below.
iw′′+ js2w+kv = 0
iv′′+ js2v+kw = 0
(2.8)
For the final sub-model, a linearisation process will be performed to form two separate BVPs:
a static BVP which is used to calculate the statically deformed shape of the blade subject to
any applied loading and a dynamics BVP which is used to calculate the natural frequencies as
described above.
Then the set of remaining higher-order ODEs are reduced into a set of first-order ODEs. The
reduction from a set of two second order equations to a set of four first order equations allows
them to be represented in a matrix form that can be solved using the aforementioned bvp4c
solver.

0 i 0 0
−1 0 0 0
0 0 0 i
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Within the research presented herein, two solutions types are used: a harmonic and an eigen-
value solution.
The harmonic solution calculates the shape and magnitude of the response of the blade to
excitation at a prescribed frequency. This is performed by prescribing a value for the frequency
and calculating the response shape. As the frequency is prescribed, not a solution parameter, it
is the simpler of the two solution types and only has one unique solution which the robustness of
the solver will converge to, regardless of the quality of the initial estimate. The response shapes
calculated are used to identify the potential presence of natural frequency at the prescribed
frequency being analysed as well as provide initial estimates for any eigenvalue solutions.
The eigenvalue solution is used to calculate the natural frequencies and corresponding mode
shapes of the blade in the form of an eigenvalue problem. This solution utilises the ability of
bvp4c to solve for unknown parameters and uses it to calculate a natural frequency of the blade
in question. This solution type introduces an additional unknown to the solver and must, there-
fore, be accompanied by an additional boundary condition. This additional boundary condition
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will consist of a normalisation condition for the mode shapes calculated. As a blade will have
many natural frequencies, it is imperative that the initial estimate be very good, otherwise,
the solver may converge on a different natural frequency to the one targeted. This initial esti-
mate used is that from the harmonic solution. The presence of aerodynamic loading in the final
sub-model will likely induce aerodynamic damping. This will be represented in the eigenvalue
problem as a complex eigenvalue where the composition of real and imaginary components will
provide the undamped natural frequency and damping ratio.
Additionally, for the calculation of the static deformed shape of the blade, a special case of
the harmonic analysis is used. As there is no natural frequency to be solved for, an eigenvalue
solution is not possible; therefore, a harmonic is used. The static response is independent of time;
therefore, will be no frequency terms present in this analysis, i.e. no frequency to be prescribed
as with the previously described harmonic solution.
2.3.2 Algorithmic procedure for parametric sweeps
The concept being investigated is to use applied compressive loading to alter the natural fre-
quencies of a variable speed rotor blade. Therefore, a procedure to calculate the natural fre-
quencies of a rotor blade across a range of operating conditions (rotor speeds and compressive
loads) is required.
The procedure to calculate these natural frequencies over a range of operating conditions









   
   












Figure 2.3: Schematic of model calculation process and results
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In the first part, the natural frequencies of the desired modes are obtained for a single set of
operating conditions. Once the natural frequencies of the desired modes have been obtained, the
second part incrementally sweeps through the range of rotor speeds and compressive loads to
calculate the natural frequencies.
2.3.2.1 Single operating point modal calculation
To calculate the natural frequencies at a single operating point, a combination of harmonic and
eigenvalue analyses are used to identify potential modes across a range of prescribed frequencies
and calculate the natural frequencies of the desired modes, as observed in Fig. 2.3. The process



























Firstly, the blade parameters and operating conditions, such as EI y,R,Ω,P, are defined. For
this component of the algorithmic procedure, if aerodynamic loading is present, air density, ρ∞
is set to zero. When using the sub-model that incorporates geometric nonlinearities, a static
analysis is performed to calculate the static deformation at the defined operating conditions.
For the other two sub-models, this is omitted.
A prescribed frequency, s, close to zero is used to initialise the frequency sweep and a harmonic
analysis is then performed to calculate the response of the blade at this frequency. For the first
analysis, the initial estimate for the response shape is zero. Due to the robustness of bvp4c to
poor initial estimate and the simplicity of the response shape solution at very low frequencies,
the correct solution is acquired.
The response shape is then assessed to identify whether the current prescribed frequency is
close to a natural frequency. If a potential mode has been identified then an eigenvalue analysis
is performed to calculate the exact natural frequency. For this eigenvalue analysis, the pre-
scribed frequency and corresponding response shape that identified the proximity of a mode are
used as the initial estimate.
If the desired number of modes have been obtained or the specified range of frequencies has
been evaluated the process will stop. However, if this is not the case, then the prescribed fre-
quency is incrementally increased and the harmonic analysis is repeated. However, for the sec-
ond harmonic analysis onwards, the solution of the previous iteration is used as the initial esti-
mate to ensure quick and correct conversion despite the increasing complexity of the response
shape at higher frequencies.
The proximity of the prescribed frequency to a mode is identified by the presence of either one
of two different conditions: a resonance condition and an orthogonality condition.
The resonance condition identifies resonance by examining the response shape for the previ-
ous iterations and assessing whether the response, in any of the directions of motion considered,
is maximal. This condition is evaluated at the tip of the blade as this location will never be a
node, for any mode, ensuring that all modes may be detected. This technique is similar to that
used to identify resonance experimentally and is therefore very robust.
The orthogonality condition used to identify the proximity of the prescribed frequency to a
natural frequency assesses the orthogonality of the response shape with respect to a known
mode shape. Theoretically, the mode shapes of two modes will be orthogonal which can be ex-
pressed mathematically as having a dot product of zero [1]. However, the response shapes will
never be exact mode shapes unless the prescribed frequency exactly coincides with a natural
frequency. Therefore, the orthogonality condition identifies a minimum in the magnitude of the
value of the orthogonality condition from the previous iterations. This will identify when the
prescribed frequency is closest to that of a natural frequency.
The equation used to evaluate the orthogonality, Eq. (2.10), was derived by Murthy [1] based
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k2mΦ1φi +W1wi +V1vi − esinθ
(
Φ1vi +φiV1
)+ ecosθ(Φ1wi +φiW1)]dx (2.10)
This equation includes the most significant effects included in [137] such as twist and mass-
elastic axes offset but does omit the offset between the centre of area and the elastic axes. This
simplification is likely to exhibit only minor changes in the result. As the purpose of this condi-
tion is only to identify the proximity of a natural frequency, these discrepancies are considered
acceptable.
This condition is not as robust as the first condition as it can only be employed once the first
mode has been calculated to be used as a reference. However, its ability to capture the effects
of coupling will help ensure all mode shapes are identified even when significant inter motion
coupling is observed.
The reason that air density is set to zero in this initial analysis is two-fold. Firstly, it ensures
that there is no aerodynamic damping of the natural frequencies. This ensures sharp resonant
peaks which will improve the effectiveness of the first mode identification condition as well as
ensure the validity of the orthogonality equation used in the second mode identification condi-
tion. Additionally, it ensures that the eigenvalue analysis solutions calculated correlate better
with the initial estimate used for their calculation. This ensures better and quicker convergence
with less chance of incorrectly omitting a mode from the analysis. Secondly, it removes aerody-
namic loads which ensures that the static deformation, and subsequently geometric nonlinearity
effects, are small. This aids the validity of the aforementioned orthogonality condition.


























Figure 2.5: Diagram of modal presence condition operation.
It can be seen in Fig. 2.5a that it is necessary to monitor the in-plane, out-of-plane and tor-
sional response. If any of these motions were overlooked then the mode associated with that
motion would not be detected or captured in the model. Unfortunately, the orthogonality con-
dition is not present until the first mode has been identified using the resonance condition.
Hereafter, the orthogonality indicates a minimum that identifies all subsequent modes with the
use of a single metric, regardless of the orientation of the mode.
There is one additional step that is required for the calculation of the modal properties at a
single operating point which is the inclusion of the aerodynamic loads. This step is only required
for the final sub-model which includes aerodynamic loading. This step starts from the in-vacuo
set of modal properties previously described. The air density value is incrementally increased
from zero to the final prescribed values. For each iteration, the static deformation is calculated
to account for the change in static deformation due to the changing aerodynamic loads and sub-
sequently, the natural frequency for each mode is calculated accounting for the updated static
deformation and aerodynamic loads. For each of the static analysis and eigenvalue analyses, the
solution from the previous iteration is used as the initial estimate.
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2.3.2.2 Parametric sweep of operating conditions
Once the natural frequencies of the desired modes have been calculated for a single set of oper-
ating conditions, they are used to initiate the parametric sweep procedure, as seen in Fig. 2.3.
The resulting comprehensive set of natural frequencies for each combination of rotor speed and
compressive load in the prescribed range can then be used to evaluate the ability of compressive
loading to avoid resonance across a range of rotor speeds. This process consists of a parametric



































As previously mentioned, this process is initialised by the modal properties for a single oper-
ating point as calculated in Section 2.3.2.1. The desired range of rotor speeds and compressive
loads are defined and the present value for rotor speed and compressive load are defined as the
lowest value from their respective ranges.
A static analysis is then performed, if the final sub-model is being used, to calculate the static
deformation of the blade in the current operating conditions. Subsequently, an eigenvalue anal-
ysis is performed to calculate the natural frequencies of each of the desired modes. For each
mode, the solution from the single operating point analysis is used as the initial estimate.
The rotor speed is then incrementally increased and the static analysis and subsequent eigen-
value analyses are repeated. In this case, the solution from the previous rotor speed is used as
the initial estimate.
Once the full range of rotor speeds have been evaluated for the initial value of the compressive
load, the compressive load itself is incrementally increased and the previous sweep of rotor
speeds is repeated. For this sweep of compressive loads, the initial estimate for each mode at
each rotor speed is provided by the solution from the previous compressive load iteration.
Once each of the modes has been calculated for the full range of rotor speeds at each compres-
sive load the procedure is finished and the set of natural frequencies can be analysed.
Whilst researching mode shape tracking criterion, Mogenier et al [151] highlighted that the
complexity of gyroscopic systems emanates from veering or crossing phenomena. Therefore, un-
like the aforementioned sweep of air density, it is expected that a sweep of rotor speed or com-
pressive loading values will incur significant interactions between the different modes. There-
fore, relatively fine increments of rotor speeds may be required. Consequently, after each iter-
ation of rotor speed or compressive load has completed, the results are checked to ensure that
the full complement of unique solutions remain present. If this is not the case, it will likely be
due to the convergence of some of the solutions due to their similarity. To rectify this, iterations
which have converged will be removed and an intermediate value of rotor speed or compressive
will be added. This will reduce the increment of rotor speed or compressive load in the region
with significant coupling.
The algorithmic procedure detailed in the previous two sections allows the PDEs and numer-
ical solver detailed in Sections 2.2 and 2.3.1 to be used to identify a specific set of natural fre-
quencies at any single combination of rotor speed and compressive load. The natural frequencies
identified and calculated at this operating point are then used to initialise a parametric sweep to
track the evolution of these modes with changing rotor speed and compressive loads. The result
of this procedure is a comprehensive set of natural frequencies for each possible combination of
rotor speed and compressive load with the prescribed range which can subsequently be used to












To demonstrate the capability of the proposed concept, a beam model capable of capturing the in-
plane and out-of-plane dynamic behaviour of a compressed rotor blade is developed. The model
is compared with an experimental study and a subsequent assessment of the modelling method-
ology of the compressive load is made. A case study is then used to assess the change in fre-
quency that is achievable, without encountering buckling instabilities, on an full-scale example.
A further study is performed to demonstrate the correlation between modal tuning achieved via
compressive loading with a reduction in vibratory loads at resonant conditions during forward
flight.
3.1 In-vacuo bending-bending model
To investigate the effects of compressive loading on the in-plane and out-of-plane dynamic prop-
erties of a rotor blade, the first sub-model outlined in the previous chapter is developed. The
model captures the effects of: bending stiffness due to the shape of the blade and its material
properties; inertial forces due to the in-plane and out-of-plane motion of the blade; and internal
tension in the blade due to centrifugal loading and applied compressive loads.
3.1.1 Compressive load
The compressive load is applied on the elastic axis at the tip of the blade directed towards the
root as this is a likely attachment point for any actuation system that would be used to create the
compressive loads. To incorporate this load into the model, it is separated into a spanwise com-
ponent in the x direction and an in-plane and out-of-plane component in the y and z directions,
respectively. This approach was successfully used by Nudehi et al [114] when implementing a
55
CHAPTER 3. INITIAL FEASIBILITY ANALYSIS
similar model. The force is decomposed into components in the x, y and z directions, as shown
in Fig. 3.1. 



















Figure 3.1: Schematic of compressive force decomposition
The geometry of the beam and its deformations can then be used to calculate the orientation
of the load and the subsequent component of the applied force in each direction as shown below
in Eq. (3.1).
Px = P R−R0√
(R−R0)2 +v∗(R)2 +w∗(R)2
Py = P v∗(R)√
(R−R0)2 +v∗(R)2 +w∗(R)2
Pz = P w∗(R)√
(R−R0)2 +v∗(R)2 +w∗(R)2
(3.1)
To allow these loads to be incorporated into the linear field equations and boundary conditions,
it is necessary to linearise these loads. This is performed using a Taylor expansion about v∗ and
w∗ up to the second term, the results of which are shown in Eq. (3.2).
Px = P (3.2a)
Py = P v∗(R)(R−R0)
(3.2b)
Pz = P w∗(R)(R−R0)
(3.2c)
As (R−R0)À v∗(R) and (R−R0)À w∗(R) the change in orientation of the load is minor, hence
Eq. (3.2a) is expected. Furthermore, it can also be seen that Eqs. (3.2b) and (3.2c) take the form
of linear springs of stiffness P(R−R0) as was observed in [114].
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3.1.2 Field equation
The equations of motion that represent the motion of the blade within the domain are a pair
of linear non-homogenous coupled Partial Differential Equations (PDEs); one for each of the
motions to be captured. Each of the PDEs contains just one state (translational or rotational
deformation in the x,y,z axes), v∗ and w∗ respectively, and is a function of one spatial domain, x
and one temporal domain, t. These equations are shown below in Eq. (3.3).
− (Tw′∗)′+[EI yw′′∗]′′+mẅ∗ = 0 (3.3a)
− (Tv′∗)′+[EIzv′′∗]′′+mv̈∗−mΩ2v∗ = 0 (3.3b)
Where internal tension is defined as a combination of centrifugal loading and applied com-







R2 − x2)−P (3.4)
As outlined in Chapter 2, the principle of separation of variables and an assumed harmonic




Once the assumed solution was substituted into Eq. (3.3), the terms that are linearly propor-
tional to est are gathered to form a set of Ordinary Differential Equations (ODEs) that represent
the oscillatory shape of the beam. This process removes the temporal domain ensuring that the
equations are suitably formatted for the numerical solver.
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− (Tw′)′+[EI yw′′]′′+mẅ = 0
− (Tv′)′+[EIzv′′]′′+mv̈−mΩ2v = 0
(3.6)
Finally, these equations were converted from their current form, two fourth-order equations,
to a set of eight first-order equations as exemplified in Section 2.3.1. This ensures that the format
requirements of the numerical solver described in Section 2.3.1 are met.
3.1.3 Boundary conditions
Cantilevered boundary conditions are enforced to imitate the hub configuration of a bearingless
rotor. The field equations for the beam consist of two fourth-order equations which necessitate
eight boundary conditions to ensure the problem is properly posed. Half of these conditions will
enforce a fixed root and the other half shall enforce a free tip, subject to the augmentation due
to the applied compressive load.
The fixed boundary condition at the root consists of constraining the displacements and angles






The free boundary conditions at the tip for a traditional cantilevered beam consists of con-
straining forces and moment to zero. However, due to the application of the applied compressive
load, the force and moment equilibria are enforced as a balance of internal loads within the
beam and the externally applied compressive load as seen in Fig. 3.2 and Eq. (3.8).
58
3.1. IN-VACUO BENDING-BENDING MODEL
 





























The singly underlined terms in Eq. (3.8) represent the harmonically applied moments that
provide the excitation for the harmonic analyses. The doubly underlined terms are the addi-
tional terms present due to the applied compressive load that would not be present in a tra-
ditional cantilevered boundary condition. The internal loads within the beam are defined as
follows.





The underlined terms in Eq. (3.9) denote terms in the internal loads which would not be
present in a rotor blade without compressive loading. Without compressive loading, the internal
tension in the blade would be solely due to centrifugal loading which is 0 at the tip.
Once the assumed motion of the blade, as stated in Eq. (3.5), and Eqs. (3.2) and (3.9) are sub-
stituted into Eqs. (3.7) and (3.8) the final boundary conditions are formed, as shown in Eq. (3.10).
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The core principle of the concept is the ability to use an applied compressive load to alter the
dynamic properties of a rotor blade. Therefore, the first component of this feasibility analysis is
to experimentally demonstrate the ability of compressive loading to alter a blade’s dynamics. A
supporting study is subsequently performed to verify and validate the modelling methodology
and implementation of the compressive load.
3.2.1 Experimental configuration
An experimental test rig to assess the impact of compressive loading on a rotor blade for res-
onance avoidance in variable speed rotors was first presented in [152]. In collaboration with
the SABRE project, a test rig was developed that was able to more repeatably and accurately
capture the natural frequencies of the test piece than the configuration used in [152] as well as
having the additional capability to capture the accompanying mode shapes. This rig was used
by the SABRE project to evaluate the impact of compressive loading on the dynamic properties
of a beam with a closed cross-section [143] and by the present author, in collaboration with the
SABRE project, to evaluate an open cross-section [153].
The experimental test rig devised for these bench-top experiments, seen in Fig. 3.4, consists
of a number of components. A prismatic beam, clamped at one end, is used to represent a rotor
blade. A tendon is used to apply the compressive force to the tip of the blade. A shaker, located
toward the root, is used to provide the excitation and an accelerometer located near the tip is


















Figure 3.3: Experimental configuration diagram used for non-rotating demonstration of the in-
fluence of compressive loading on the dynamic properties of a beam.
Figure 3.4: Experimental configuration used for non-rotating demonstration of the influence of
compressive loading on the dynamic properties of a beam.
As the focus of this research is compressive loading, ideally, a purely compressive load would
be applied. However, this idealisation is not possible to achieve experimentally due to the in-
evitable presence of a system to apply the compressive load. In this case, a tensioned tendon
was chosen due to its similarities to a potential actuation system for this concept.
A prismatic beam with low bending rigidity is chosen to ensure an observable change in fre-
quency within the achievable loading range. The beam is rigidly clamped at the root and free
at the tip to replicate a bearingless hub configuration. The tendon is attached to a plug-type
insert secured at the tip of the beam and passes freely inside the beam towards the clamp at the
root. The tendon continues through the clamp, over a pulley and is attached to a mass hanger.
The tension in the tendon, and hence the compressive load applied to the beam, is controlled by
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varying the amount of mass on the platform.
The beam is subsequently excited by providing filtered, pseudo-random, excitation via an
electromagnetic modal shaker located approximately one quarter of the way along the beam at
the middle of the cross section. The response data was collected from a single-axis piezoelectric
accelerometers located at the tip of the beam. The input force and response data were used
to estimate frequency response functions using the Hv-estimator [154]. Subsequently, natural
frequencies were estimated using the Least-Square Complex Frequency estimator [155]. For
the calculation of mode shapes, excitation was provided using an impact hammer at a series of
locations along the span of the beam.
The properties of the beam-tendon system were obtained either by direct measurement or,
in the case of the stiffness values, calculated from the geometry using typical material values.
These values were subsequently updated to improve the correlation with the baseline beam
model without compressive loading or tip insert. These parameter values, as provided in [143],
are summarised in Table 3.1.
Table 3.1: Beam properties for doubly-symmetric experiment
Property Value
Radius, R [m] 1
Mass distribution of the blade, m [kgm−1] 0.2929
Mass distribution of the tendon, mt [kgm−1] 0.0125
Tip mass, Mt [kg] 0.0062
Out-of-plane bending rigidity, EI y [Nm2] 157.79
In-plane bending rigidity, EIz [Nm2] 517.33
The results presented herein are for the closed cross-section beam presented in [143]. They
consist of: the natural frequencies and mode shapes of the beam without the presence of the tip
insert or applied compressive loading; the natural frequencies of the beam with the presence
of the tip insert but without any applied compressive loading; and the natural frequencies of
the coupled beam-tendon system subject to loading from 2 kg to 50 kg in 2 kg increments. These
results will demonstrate the ability of compressive loading to alter the dynamic properties of
a rotor blade and be used to validate a model of a coupled beam-tendon system which shall be
used to evaluate the compressive loading methodology detailed in Section 3.1.1
3.2.2 Model alteration to include tendon
To capture the behaviours in the experimental configuration correctly, a few modifications to the
model described in Section 3.1 are required which replicates the model created in [152]. This
comprises of setting the rotor speed to zero, as rotation is not present in the experiment, as well
as including the dynamics of the tendon and the inertial effects of the tip insert. Additionally, the
presence of the tendon invalidates the orthogonality condition equation used in Section 2.3.2.1,
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which was developed without the presence of a tendon, so a new one is required.
3.2.2.1 Field equations
In addition to the beam, the tendon is represented using a PDE, known as the wave equa-
tion [156], that is used to model the vibration of strings. This equation captures the effects of
the inertia of the tendon and its internal tension. However, it does not capture the effect of
bending stiffness but due to the small cross-section of the tendon, the effect of this omission is
negligible. The equations are formulated as linear, homogenous, PDEs that each have one state,
wt∗ and vt∗, and is a function of one spatial domain, x and one temporal domain, t, as seen in
Eq. (3.11).
− (Ttw′t∗)′+mtẅt∗ = 0 (3.11a)
− (Ttv′t∗)′+mt ¨vt∗ = 0 (3.11b)
As this version of the model is intended to represent the experimental configuration so that it
can be used to validate the compressive loading methodology, the tension in the beam and tendon
are solely due to the applied compressive load and there are no centrifugal loads considered.








Once these equations are defined, they are processed identically to that of the model described
in Section 3.1. The result of which is four uncoupled ODE as shown in Eq. (3.14).
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− (−Pw′)′+EI ywiv +ms2w = 0(−Pw′t)′+mts2wt = 0
− (−Pv′)′+EIzviv +ms2v = 0(−Pv′t)′+mts2vt = 0
(3.14)
3.2.2.2 Boundary conditions
The additional presence of the tendon has a significant impact on the boundary conditions orig-
inally defined in Eq. (3.10). As the tendon itself is being modelled, there is no requirement to
include an externally applied point force as defined in Section 3.1.1. However, it is necessary to
include the influence of the tension in the tendon, which performs a very similar role to that
of the aforementioned point force. Additionally, there is the requirement to model the inertial
effects of the tip insert used to attach the tendon to the tip of the beam. The updated set of










It can be seen that the required alteration only impacts the force equilibria. The singly un-
derlined terms pertain to the tension present in the tendon. This is analogous to the point force
used previously and can be seen to take a similar form; the difference being that the force is ori-
entated with the tangent of the tendon at the tip as opposed to directed towards the root of the
blade. Additionally, the doubly underlined terms represent the inertial forces of the tip insert.
The addition of the two second-order equations also necessitates an additional four boundary
conditions. These conditions ensure that the tendon and beam remain coincident at the root










Due to the presence of the tendon, Eq. (2.10) is no longer an applicable orthogonality condition
for this model. Therefore, following the same calculation procedure as [1], a new orthogonality
condition is derived for the coupled beam-tendon configuration. The governing ODEs are written
in terms of the first and ith mode and multiplied by the ith and first mode respectively. The
difference between these two sets of equations is integrated along the length of the beam and
the non-trivial solution becomes the new orthogonality condition. The full derivation of this











Wt1Wt i +Vt1Vt i
]
dx (3.17)
This equation can now be used to identify the presence of modes for the current beam-tendon
model.
3.2.3 Model-experiment comparison
Having developed the model detailed in Sections 3.1 and 3.2.2, its results can then be compared
with the experimental data to give confidence in its validity. Subsequently, this model is used to
assess the chosen point load modelling methodology detailed in Section 3.1.1.
The experimental results discussed herein were obtained by the SABRE project [143] using
the aforementioned experimental test rig that was developed by the present author in collabo-
ration with the SABRE project.
The experimentally identified natural frequencies for the system with no tendon but with and
without a tip insert are shown in Fig. 3.7 alongside the equivalent natural frequencies calculated
using the model.
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Experiment - no tip insert
Model - no tip insert
Experiment - with tip insert
Model - with tip insert
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Figure 3.5: Comparison of natural frequencies from the experiment and the model without the
presence of the tendon to verify the underlying beam model.
It can be seen in Fig. 3.5a that the experimental beam has five vibration modes within the
frequency range examined: two in-plane modes (I1-I2) and three out-of-plane modes (O1-O3).
The errors values for these frequencies, shown in Fig. 3.5b, are small, <5 %, which gives confi-
dence that the model has been correctly developed and implemented. It can be seen that there is
a trend for the model to underpredict natural frequencies of the first mode and overpredict those
of the third mode which may be due to the inability of the experimental to provide perfectly rigid
root attachment which will be discussed in more detail.
In addition to the natural frequencies, the experimentally calculated mode shapes are quanti-
tatively compared to those calculated from the model to ensure the model is correctly calculating
the mode shapes as well as the natural frequencies. This quantification of this comparison is per-
formed using the Modal Assurance Criterion (MAC), a metric that quantitatively compares the
similarity of mode shapes. The definition of the MAC used for this research is shown below [157].
∣∣∣WiW∗j +ViV∗j +ΦiΦ∗j ∣∣∣2(
WiW∗i +ViV∗i +ΦiΦ∗i
)(
WjW∗j +VjV∗j +Φ jΦ∗j
) (3.18)















Figure 3.6: Comparison of mode shapes from the experiment and the model without the presence
of a tendon to verify the underlying beam model.
As can be seen from the visual correlation between the shapes, and the corresponding MAC
values, the agreement is excellent. This serves to further validate the underlying beam model,
demonstrating its ability to correctly calculate mode shapes, as well as natural frequencies.
One likely cause of the discrepancies observed is the boundary conditions in the experiment.
Whilst a fully fixed condition was desired at the root of the beam it is unlikely that this was
perfectly achieved; resulting in a boundary condition that was not infinitely stiff. This effective
softening would reduce the frequencies of all modes in the experiment. Due to the comparatively
larger second and third derivatives of mode shapes at the root in the higher-order modes, their
frequencies would have reduced more. Due to the updating of the beam parameters to improve
the experimental correlation in [143], the stiffness values would have been increased to com-
pensate for this. This effect can be observed in Eq. (3.18) as a larger deformation near the root
observed in the experiment than the model.
Once the underlying beam model had been validated the tendon and compressive load could
then be included. The experimentally calculated natural frequencies for the system with a com-
pressive load applied using the tendon are shown in Fig. 3.7. The experimental frequencies for
the case with tip mass but no tendon, as introduced in Fig. 3.5a, are also shown for context.
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Figure 3.7: Variation of natural frequencies of the beam-tendon system with applied compressive
load. Grey shaded regions denote high influence of beam behaviour. Dashed boxes denote veering
interactions.
It can be seen that there are two types of mode present in the system: beam dominated modes
and tendon dominated modes. There are also regions where these modes overlap and there is
significant interaction between the beam and the tendon.
The beam dominated modes can be identified from the case where frequencies were calcu-
lated without the presence of the tendon. The frequency ranges containing these modes have
been highlighted for ease of identification. It can be seen that there is a small reduction in fre-
quency from the case with no tendon to the case with the tendon with low levels of loading
which is likely to be due to the presence of the tendon increasing the inertia of the system, not
the compressive loading effect. As compressive loading is increased, these modes can be seen
to exhibit small reductions in frequency with applied compressive load, similar to a reduction
in effective stiffness, which demonstrates the ability of compressive loading to alter a blade’s
dynamics properties.
The tendon dominated modes exhibit a linear relationship with the square root compressive
load. This trend is expected as the analytical equation for frequencies a pinned-pinned tendon is
proportional to the square root of the compressive load. For low values of compressive load, there
are a large number of tendon-dominated modes present in the range of frequencies investigated,
particularly for compressive loads of less than 100 N. For compressive loads greater than 100 N
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it is easy to identify the first four tendon dominated modes that have been captured.
In addition to the beam- or tendon- dominated modes, there are regions where the two mode
types appear to interact, resulting in considerable amounts of coupling between their dynamics.
These regions that are present above 100 N have also been indicated in Fig. 3.7 for ease of
identification. This interaction is similar to the veering discussed Section 1.2.2.2 and [43, 44]
which is normally observed between the modes of different motions of a blade as they change
with rotor speed. As the modes approach the indicated region in which they would be expected
to cross, their trajectories change and they veer away from each other. Beyond this region, the
modes continue along the trajectories of the mode they are expected to have crossed with all of
the associated properties of that mode. This effect shows that, for this experiment, there is a
significant amount of coupling between the tendon and the beam. It would also suggest that if
the concept of compressive loading based resonance avoidance were employed on a production
aircraft using a tendon that was able to vibrate freely, significant efforts would need to be made
to analyse, understand and potentially suppress the effects of the tendon’s vibration.
The model described in Chapter 2 and Sections 3.1 and 3.2.2 is used to calculate the natural
frequencies between 30 rads−1 and 1600 rads−1 for compressive loads between 100 N and 500 N
to be compared with the experimentally calculated frequencies. The comparison of these results
can be seen in Fig. 3.8.
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Figure 3.8: Comparison of experimental and computationally calculated natural frequencies of
the beam-tendon system for a range of compressive loads to validate the model. Grey shaded
regions denote high influence of beam behaviour. Dashed boxes denote veering interactions.
It can be seen in Fig. 3.8 that the correlation between experimental and modelled results is
very strong for beam-dominated and tendon-dominated modes even in the regions where veering
is observed. The exception to this is the third out-of-plane beam-dominated mode. For this mode
the experimentally observed frequency is lower than that of the model, exhibiting an almost
constant offset. Whilst it is difficult to quantify, due to the presence of veering in both sets
of data, the offset error is in the region of 4 % to 5 %, which is consistent with that observed in
the underlying beam model as shown in Fig. 3.5b. As the discrepancy occurs in the experimental
boundary conditions, whether or not the tendon is present, it is likely that the error is not related
to the tendon. The overall correlation is good and verifies that the model has been correctly
developed and implemented and that is it capable of modelling a coupled beam-tendon system,
even when significant amounts of coupling are present.
3.2.4 Compressive load modelling methodology
It is clear from the results presented in Section 3.2 and [152] that there are two main effects
present when a beam is compressively loaded using a tendon: The effect of the compressive
load reducing the effective stiffness of the beam; and the dynamics of the tendon itself. As the
focus of this research is to evaluate the first effect, the reduction in effective stiffness due to
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the compressive load, the model was developed using a point force located at the elastic axis
of the tip of the blade directed towards the root. Herein, a study shall be performed, using the
model described in Chapter 2 and Sections 3.1 and 3.2.2 to assess the chosen methodology, as
obtained in [158]. This will consist of using the model of the coupled beam-tendon system, which
represents one potential option for applying compressive loading to a rotor blade, and removing
the effects of the dynamics of the tendon. The results of the coupled beam-tendon model shall be
compared with the point force modelling options considered in [158] to evaluate which, if any,
correlate suitably well to be considered for the following research.
The three modelling options considered are:
• The hub option, as seen in Section 3.1.1, is orientated towards the hub as this is a likely
attachment point of any compressive load application system.
• The inward option which applies the force parallel to the plane of rotation which would
act similarly to a reduction in centrifugal load.
• The tangent option will act tangentially to the deformed blade at its tip.
These three options are displayed in Fig. 3.9. Each of these options shall be implemented in
the point force model and the corresponding results compared with that of the coupled beam-
tendon model and used to determine which point force methodology best replicates the changes
in frequency observed in the beam-tendon model.
Figure 3.9: Schematic of point force modelling options considered to approximate tendon-induced
compressive load.
The implementation of these point force models consists of redefining Px, Py and Pz to corre-
spond to the orientation of the force in each option. The hub model is detailed in Section 3.1.1
and the equations for the remaining remaining two options are detailed below.
The inward option contains no in-plane or out-of-plane components and therefore is defined
as follows.
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The remaining option, tangent, is defined as follows.
Px = P dx(R)√
dx2(R)+dv2(R)+dw2(R)
Py = P dv(R)√
dx2(R)+dv2(R)+dw2(R)
Pz = P dw(R)√
dx2(R)+dv2(R)+dw2(R)
(3.20)
Following the same Taylor expansion as used in Section 3.1.1, Eq. (3.20) is linearised to pro-





3.2.5 Point force model comparison
Using the three options for the point force model described in Section 3.2.4, a comparison is per-
formed against the coupled beam-tendon model. The model of the coupled beam-tendon system
shall be used to asymptotically remove the impacts of the dynamics of the tendon. The results
of this shall be compared to those using the point models to identify which correlates best.
The mass of the tendon is reduced to lessen the impact of the tendon’s dynamics on the results.
The properties used for this analysis are identical to the ones shown in Table 3.1. The results of
these analyses are shown in Fig. 3.10.
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Figure 3.10: Natural frequencies of the coupled beam-tendon system with tendon mass values
of 100 %, 10 % and 1 % of the nominal. Arrow shows the change in the frequency of the lowest
tendon dominated mode for each tendon mass value.
It can be seen that reducing the mass of the tendon to 10 % of the nominal value drastically
reduces the number of tendon dominated modes observed in the frequency range that has been
explored from four to one. However, the presence of this tendon dominated mode still introduces
veering between itself and two of the beam-dominated modes. Therefore, a case with an even
lighter tendon, 1 % of the nominal was also assessed. It can be seen that the tendon dominated
modes for this case are sufficiently high that they exceed the observed range and therefore, there
are are no veering interactions. Due to the lack of veering interactions, this data set will be used
as the datum to compare the point load models to. The natural frequencies of the beam calcu-
lated using the coupled model with a light tendon and the aforementioned point force models
are shown below in Fig. 3.11.
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Figure 3.11: Natural frequencies for the first five modes and their variation with compressive
loading to compare the different point force modelling options with coupled beam-tendon model.
When considering the tangent model, it can be seen that across all modes, this model exhibits a
response to increased loading that is similarly linear to the datum coupled model in the observed
range. However, the rate with which the frequencies change is significantly different. For the
higher order modes, shown in Figs. 3.11c to 3.11e, a reduction in frequency is observed but the
tangent model significantly underpredicts the amount of frequency reduction compared to that
observed in the coupled model. For the lowest mode in each orientation, shown in Figs. 3.11a
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and 3.11b, the tangent model predicts an increase in frequency with compressive loading. This
response may appear erroneous but is actually in agreement with the behaviour of cantilevered
beams subject to this loading orientation as stated in [111]. Due to these observed discrepancies
with the coupled model, the tangent model is not used in future work.
When considering the inward model, all modes apart from the first mode in the out-of-plane
direction, Figs. 3.11b to 3.11e, exhibit a linear reduction in frequency in the range investigated.
The magnitude of these reductions is an overprediction of those calculated using the coupled
model. For the fundamental mode, shown in Fig. 3.11a, the reduction in frequency starts with
a gradual reduction, as observed in the other modes, but the rate of decrease gets larger; even-
tually reducing such that the solver is unable to find a converged solution, likely due to the
presence of buckling. The buckling load can be defined as the load at which the lowest natural
frequency reaches zero [114, 111] which is clearly observable in Fig. 3.11a. This hypothesis is






For this case, the value is 389 N which is shown in figure Fig. 3.11a for reference. It can be seen
that this agrees that buckling is being approached which demonstrates that the model is capable
of predicting the critical buckling load. The increasing rate of change of the change in frequency
with applied compressive load suggests that the sensitivity to compressive loading increases
as buckling is approached which agrees with conclusions from other research investigating the
effects of compressive loading on the buckling of beams [113]. Furthermore, as the inward model
suggests that buckling would have been observed during the experiment, which was not the
case, it is clear that this model is also not a suitable point force model. If it were used, it would
overpredict frequency changes and result in underpredictions of the loads required to achieve
sufficient avoidance of resonance.
Finally, the hub model is considered. Unlike the other two models, this one correlates excep-
tionally well with the coupled model. The shape and magnitude of the trends of frequency with
increasing compressive load are very similar to the coupled model. Therefore, this point force
model shall be used for the rest of this research.
For each of the point force models considered, Px = P, and the differences are purely in Pz.
Despite the magnitude of Pz being much smaller than that of Px, it is clear from the comparisons
shown Fig. 3.11 that even small changes in the direction of the applied load have a significant
impact on the resulting changes in natural frequency.
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3.3 Rotating study
Once the effect of compressive loads on the dynamics of beams had been demonstrated exper-
imentally and a suitable model had been created and validated, the effectiveness of altering
the dynamics of full-scale rotorcraft blades using compressive loading is investigated. This will
provide insight into the sensitivity of full-scale rotor blades to the loading and therefore the
amount of load that may be required to avoid resonance. The magnitude of this load will likely
be one of the key factors determining the success of such a system. If the load is too large, the
cost of actuation, in terms of power, space and mass, would likely prohibit the deployment of a
compressive loading based resonance avoidance system.
3.3.1 Aircraft case study
Using the model described in Chapter 2 and Section 3.1, which uses the hub point force model
and includes the effects of the centrifugal loads, a case study is performed to investigate the
influence of compressive loading on full-scale rotor blades. This will assess the scalability of
the concept from the small scale experiment and provide insight into how the stiffening and
softening effects of rotation and compressive loading combine.
To improve our understanding of the effect of compressive loading on different types of aircraft
and therefore how broad the application of a resonance avoidance system based on compressive
loading may be, a range of different aircraft are assessed. For this case study, the three aircraft
described and defined in Appendix C are used: the MBB Bo 105, the Westland Lynx, and West-
land AW101. These aircraft exhibit a varying set of uses, sizes and performance characteristics
which is reflected in their blade properties, as shown in Appendix C.
Firstly, the parameters of the case study shall be defined. The blade properties shall be defined
using the required parameters from Appendix C and the range of rotor speeds considered will
be 60 % to 100 % of the nominal value to replicate the large 40 % reduction of the Boeing A160T
Hummingbird [28], the largest reduction observed in existing aircraft. The critical buckling
loads shall then be calculated and used to determine the maximum compressive loading applied
to each blade. As demonstrated in Section 3.2.5, the model can be used to calculate the critical
buckling load as the load at which the lowest frequency equals zero. Therefore, the natural
frequency of the buckling mode for each aircraft is calculated up to the critical buckling load.
This calculation is performed at the lowest rotor speed considered to ensure that a conservative
value is obtained for the range of rotor speeds considered. The evolution of the natural frequency





























Bo105 - 75% of Pcr
Lynx - 75% of Pcr
AW101 - 75% of Pcr
Figure 3.12: Variation of the fundamental mode’s natural frequency under compressive loading
up to the buckling load at 60 % of the nominal rotor speed.
It can be seen that the natural frequency of the fundamental mode of each aircraft exhibits
a somewhat similar response to the loading; initially, the negative gradient is small and nega-
tive but as buckling is approached the magnitude of the gradient increases until the blade loses
stability. To ensure that buckling is avoided, the maximum load considered in the subsequent
analyses is 75 % of the buckling load. This value allows the maximum load possible while re-
maining within the region with a shallow gradient to avoid the sudden onset of buckling. The
value of 75 % of the buckling load is chosen to be conservative in the knowledge that localised
buckling of the surface of the blade may reduce the limit buckling load and cannot be modelled
using the current method. A summary of the critical and maximum allowable loads are provided
in Table 3.2.
Table 3.2: Buckling and maximum allowable loads for each aircraft
Aircraft MBB Bo105 Westland Lynx Westland AW101
Critical compressive force, Pc [N] 21.43×103 24.32×103 34.53×103
Maximum compressive force, Pm [N] 16.07×103 18.24×103 25.90×103
Due to the different values of the natural frequency under no compressive loading and the
different magnitudes of buckling load, it is difficult to compare the responses of the natural fre-
quency to compressive loading for each aircraft. Therefore, Fig. 3.12 is also modified and shown
using natural frequencies and compressive loads that are normalised against the unloaded nat-
ural frequency and buckling load, respectively. This can be seen in Fig. 3.13.
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Figure 3.13: Comparison of the buckling behaviour of each aircraft at 60 % of the nominal rotor
speed.
It is clear that each aircraft has a different response to the compressive loading, with the
Bo105 exhibiting the most sudden onset of buckling when compared with the Lynx and the
AW101. This is likely to be due to the Bo105 having the softest blades and highest rotor speed.
This indicates that the abruptness with which buckling is reached is influenced by the ratio
of bending and centrifugal stiffness. This may be indicative that larger aircraft would be more
suitable to a compressive loading based resonance technique as their frequencies are more sen-
sitive to loading below Pm. However, this study only investigates the fundamental mode which
may not be indicative of behaviour across all modes.
Once the maximum compressive load to be applied had been calculated, it was possible to
calculate the natural frequencies for the first three out-of-plane modes (O1-O3) and the first
two in-plane modes (I1-I2) across a range rotor speeds and compressive loads up to Pm, as seen
in Fig. 3.14. For ease of comparison between modes, each mode for each test aircraft is plotted
individually and the scale is consistent for each mode of an aircraft.
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Figure 3.14: Variation of the natural frequencies of the rotor blades between 60 % and 100 % of
the nominal rotor speed under compressive loading up to Pm.
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There are multiple factors that can be seen to influence the response of the blade to the
applied compressive loading. Firstly, it can be seen in Fig. 3.14 that the change in frequency is
greater at lower rotor speeds. This is because at higher rotor speeds the centrifugal forces are
larger, reducing the impact of the compressive loading. Secondly, it can be seen that the out-of-
plane natural frequencies are more sensitive to the compressive loading than the corresponding
in-plane natural frequencies. This is likely due to the lower bending stiffness observed in this
direction. These differences in sensitivity are consistent across all three test aircraft and implies
that there are multiple factors influencing the sensitivity of a blade’s natural frequencies to
compressive loading.
These factors should be considered when designing a resonance avoidance system based on
compressive loading. For example, if a system were to be retrofitted to a blade, it would perform
better if the blade exhibited its resonances at lower rotor speeds or in the out-of-plane modes
where the compressive loading would yield a greater change in frequency.
The model can additionally be used to evaluate the magnitude of the compressive load that
may be required to avoid resonance. As the model does not have the capability to capture the
effects of torsion or twist, it will not capture the torsional natural frequencies or the coupling
between the in-plane and out-of-plane modes. This limitation is expected to have a small effect
on the in-plane and out-of-plane modes away from regions where coupling would be present.
Due to this limitation, the model is not able to accurately capture all of the modes present in a
rotor blade across the range of rotor speeds. Therefore, it would be inappropriate to attempt to
evaluate the proximity of natural frequencies to rotor harmonics that would excite the modes in
question. However, the model can be used to evaluate the magnitude of the change in frequency
that can be achieved.
The use of separation between natural and excitation frequencies has traditionally been used
as a design technique in rotor blades to ensure that resonance is avoided [68, 6]. While the exact
value of separation that is required is likely to differ between each potential case of resonance
depending on factors such as the amount of damping in the mode and the magnitude of excita-
tion loads, a value of 10 % of the main rotor frequency is generally considered sufficient [6]. In
the most conservative case, with a natural frequency 10 % higher than the excitation frequency,
a change of 20 % of the rotor frequency would be required.
For this study, the modes of the three test aircraft shall be calculated at the highest and lowest
rotor speed considered to ensure the results capture both extremes and are conservative. The
change in the natural frequencies as a percentage of the rotor speed, alongside the 20 % target
are shown below in Fig. 3.15.
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(a) Bo105: Ω/Ω0=60 %
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(b) Bo105: Ω/Ω0=100 %
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(c) Lynx: Ω/Ω0=60 %
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(d) Lynx: Ω/Ω0=100 %
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(e) AW101: Ω/Ω0=60 %
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(f) AW101: Ω/Ω0=100 %
Figure 3.15: Reduction of the natural frequencies of the rotor blade with compressive loading up
to Pm at 60 % and 100 % of the nominal rotor speed.
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It can be seen in Fig. 3.15 that the fundamental in-plane and out-of-plane modes’ insensi-
tivity to loading prohibit a change of 20 % of the rotor frequency for almost every combination
of aircraft and rotor speed. However, this insensitive behaviour may be beneficial for several
reasons. Firstly, the fundamental out-of-plane frequency is often involved in the analysis of a
rotor’s control power. For example, hingeless rotors, which are often employed in agile combat
aircraft such as the Westland Lynx, typically have values of between 1.05-1.15/rev [159]. Con-
versely, articulated rotors, which are often used in transport aircraft as they require less agility,
typically have values between 1-1.04/rev [159]. As this frequency may be impactful on other
aspects of the rotor performance, it may be beneficial for it to remain relatively unchanged. Sec-
ondly, as stated, the fundamental out-of-plane frequency typically resides just above the 1/rev
harmonic. Therefore, lowering the frequency would subsequently reduce the separation between
this mode and the 1/rev harmonic which would make it beneficial to lessen the amount of re-
duction achieved through compressive loading. Additionally, due to the effect of the out-of-plane
motion on the aerodynamic loads, there is a significant amount of aerodynamic damping present
in this mode; values of damping ratio oscillating around 45 % have been calculated for forward
flight conditions [63]. For the fundamental in-plane mode, the natural frequency values are typ-
ically sufficiently below the 1/rev harmonic and are also possible to remove from consideration.
Any reduction in this frequency would serve only to increase the separation. Each of the other
modes considered is able to achieve this target within the allowable compressive load range
with the exception of the second in-plane mode of the Bo105 at the higher rotor speed which
only achieves a reduction of 17.58 %. Furthermore, many of these modes achieve this separation
with much less than the maximum allowable load. It may, therefore, be possible to reduce the
required loading by designing the rotor’s mass and stiffness distributions such that the separa-
tion of the least sensitive modes is sufficient across the range of rotor speed desires. This would
likely result in other modes encountering more resonant interactions but as these modes are
more sensitive to the compressive loading, the resonances the encounter can be avoided.
3.3.2 Actuation sizing
Whilst the focus of this research is not to design the system to be used to implement a compres-
sive load, some consideration of the scale of this system will briefly be given here.
The implementation of different mechanisms within a blade has previously been considered:
Falls [160] researched the embedding of trailing edge flap within rotor blade and a patent by
Gandhi [161] embeds a complex mechanism of brakes, jackscrews and gears into a rotor blade
to actuate a variable span rotor blade. Dawson et al [94] used a pretensioned cable to actuate
an active flap mechanism during wind tunnel tests. Therefore it can be assumed that it may be
possible to embed an actuator and associated attachments within a blade.
It also remains useful to establish the magnitude of the loads presented in Table 3.2 in the
context of current aerospace actuation capability. Aerospace hydraulic systems typically oper-
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ate at a high pressure to reduce the amount of fluid required and keep actuator size small to
lower the overall mass of the actuation system. Hydraulic systems have become standardised
using pressures up to 20.7 MPa (3000PSI) with efforts being made to increase this to 34.5 MPa
(5000PSI) to further reduce size and mass [162]. Using the current standardised pressure of
20.7 MPa, an estimate of the actuator diameter is shown in Table 3.3. The actuator diameter
is also shown as a fraction of the blade chord for context. One of the benefits of a compressive
loading based resonance avoidance system, as stated in Section 1.5, is that the applied force is
intended to be changed due to a change in rotor speed. As the changes in rotor speed will be slow
and infrequent, the actuation required will be relatively slow compared to many actuators, such
as those employed in active vibration suppression techniques as described in Section 1.3.2. The
low speed with which the actuation may be applied would permit the use of a very slow stroke
rate which would, in turn, reduce the power required. The power required for an actuator in
each blade to be actuated at 10 mms−1 is also shown in Table 3.3 alongside the time taken to
achieve the full range of excitation loads (based on a steel cable not exceeding its critical stress)
and the total actuation power as a fraction of the installed power in the aircraft.
Table 3.3: Theoretical actuator specifications
Aircraft MBB Bo105 Westland Lynx Westland AW101
Maximum compressive force, Pm [N] 15833 17715 25073
Bore [mm] 31 33 39
Bore / c [%] 11 10 9
Power per blade [W] 158 177 251
Max actuation time [s] 3.8 4.7 6.7
Total power / Pi [%] 0.101 0.042 0.027
It can be seen that the size of the actuators are unlikely to be so large that they prohibit
their use to apply the required compressive force. The power required for the actuation is a
very low fraction of the available power, significantly lower than the 3 % typically observed in
active systems [70]. Additionally, unlike active systems which require constant operation, the
actuator may only be required when changing rotor speeds and can be locked otherwise which
will significantly reduce the amount of energy consumed by the system. Finally, the short time
to cover the full range of compressive loading will ensure the appropriate load is achieved before
large resonant vibrations accumulate.
Unfortunately, it has not been possible to provide an estimate for the mass of an actuation
system. However, it should be noted that traditional tuning masses, which can be up to 5 kg [11]
would cease to be necessary. The removal of these tuning masses would significantly offset the
mass penalties associated with implementing an actuation system.
Additionally, alternative forms of actuation which are becoming increasingly prominent may
be more suitable. For example, electric motors, potentially coupled with epicyclic gearboxes may
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be very suitable due to their high torque capabilities and increasing amounts of electrification in
aircraft. It may also be possible to incorporate the actuation into the attachments. For instance,
shape memory alloys are well suited to low-frequency actuation and, when compared to other
electric actuators, are lightweight with no moving parts and a simple structure [118].
3.4 Reduction in vibratory loads during forward flight
While the use of separation between natural and excitation frequencies as a metric for dynamic
blade design is well established [68, 6], it remains pertinent to illustrate that an increase in sep-
aration between natural and excitation frequencies will result in a reduction of vibratory loads.
This shall be performed by using a model of a flexible rotor blade with quasi-static aerodynamic
loads to assess the vibratory loads in the blade across a range of rotor speeds while at cruise.
3.4.1 Model description
A model of the motion of a rotor blade undergoing pure out-of-plane motion or pure in-plane
motion during forward flight, with the associated aerodynamic loads, has been developed, as
detailed in Appendix D. This condition was chosen as the asymmetric flowfield experienced
during forward flight, as well as the accompanying cyclic trim, generate the rotor harmonics
that provide the excitation for the vibratory loads.
The structural aspect of the model is based on the same equations of motion as those used in
Section 4.1.2. The aerodynamic forces are provided in the in-plane and out-of-plane directions
by a two-dimensional quasi-steady blade element model that incorporates lift-induced drag and










These equations of motion and assumed motion are multiplied by Wj and Vj and integrated
along the length of the blade to form a set of equations in terms of modal mass, stiffness and




The forcing matrices are defined as follows.
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1 sinψ cosψ sin2ψ cos2ψ sin3ψ cos3ψ
]T (3.26)
This model is designed to represent a blade that will undergo out-of-plane excitation up to
3/rev and in-plane excitation up to 4/rev. For this study, only one aircraft, the Bo105, is analysed.
This aircraft was chosen as it has the highest rotor speed and therefore the highest excitation
frequencies captured by the model.
The forward speed chosen for this analysis is the cruise speed of the aircraft. This is because,
in low speed forward flight, the vibratory loads are caused by Blade Vortex Interaction (BVI)s
which are not captured by the model. However, in moderate-to-high speed cruise, the large pe-
riodic vibratory loads on the blades are created by variations in blade velocity and angle of
attack [49] therefore it is in these operating conditions that the model is most appropriate. The
cyclic pitch values used are those calculated to achieve trim for an example aircraft at a similar
forward speed [122]; these values are summarised in Table 3.4.
The mode shapes used for this analysis are the ones calculated alongside the frequencies
shown in Fig. 3.14. The use of the exact mode shape for each rotor speed and compressive loading
condition will ensure the fixed-free boundary conditions remain enforced.
Table 3.4: Additional forward flight parameters
Property Value
Forward speed, v f [ms−1] 56.67
Air density, ρ∞ [kg/m3] 1.225
Parasitic drag coefficient, Cd0 [] 0.01
Lateral cyclic trim, as [rad] 0.0855
Longitudinal cyclic trim, ac [rad] -0.0401
To evaluate the variation in aerodynamic loads that drive the oscillatory motion of the blade,
the total aerodynamic load in the in-plane and out-of-plane directions at each azimuthal location
is calculated. The variation in the deviation of the total load from the mean value is shown below.
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Figure 3.16: Periodic variation of aerodynamic loads from the mean.
It can be seen that the variation in out-of-plane loads is significantly larger than that of the in-
plane loads which will result in a larger excitation load for motion in this direction. Additionally,
while the variation of the out-of-plane load is periodic, it is not sinusoidal due to the combination
of longitudinal and lateral cyclic and asymmetry in the local airflow due to forward motion of
the aircraft. The non-sinusoidal nature of this loading will ensure that the motion of the blade
is non-sinusoidal; hence it is not appropriate to use a harmonic assumed motion.
3.4.2 Aircraft case study
Firstly, the model was used to simulate the steady-state out-of-plane and in-plane response of
the blade across the desired range of rotor speeds. The amplitude of the steady-state oscillations
of the blade’s tip are shown below in Fig. 3.17.
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Figure 3.17: Oscillation amplitudes of the steady state response of the blade tip across a range
of rotor speeds.
The out-of-plane amplitudes are potentially overly large due to inaccuracies in the some of the
chosen parameters, such as the cyclic pitch values. The in-plane amplitudes at the resonant ro-
tor speed are also overly large due to the low damping ratio and assumed linearity. It can be seen
that the model exhibits the expected behaviour of the blade in these operating conditions. The
out-of-plane amplitudes are larger than the in-plane ones, by a factor of approximately ten, for
the majority of the rotor speed range that has been examined. This difference is due to the value
of Cl being larger than that of Cd which results in larger aerodynamic forces in the out-of-plane
direction. Additionally, it can be seen that the out-of-plane amplitudes remained unaffected by
the change in rotor speed. It is likely that, despite the changes in separation between natural
and excitation frequencies caused by the change in rotor speed, the large amounts of aerody-
namic damping present suppress any significant changes in amplitude. Conversely, the damp-
ing that is expected in the in-plane direction is significantly lower. Therefore, the changes in
rotor speed result in a resonant interaction observed at 69.5 % of the nominal rotor speed. The
magnitude of the in-plane oscillations at this rotor speed is approximately three times larger
than that of the out-of-plane-plane oscillations; a significant increase from being approximately
ten times smaller away from resonance.
Due to the variation in aerodynamic loads throughout the azimuth, it is not possible to cal-
culate a single damping ratio for the motion of the blade in these conditions. However, an ap-
proximation of the instantaneous damping ratio at each azimuthal location can be made by
isolating the aerodynamic terms that are linearly proportional to Q̇ (removing D1, D3 and L1
from Eq. (D.4)) and assuming the motion is harmonic. Whilst these assumptions will reduce the
validity of the results they will still provide useful indications of the magnitudes of damping ob-
served in the different modes and motions. As Cv and Cw are functions of azimuth, the damping
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ratios varying harmonically, as seen in Fig. 3.18.











































Figure 3.18: Harmonic variation of damping ratios for the first three out-of-plane modes and
first two in-plane modes.
The most obvious observation is the difference in magnitude of the damping ratio between the
different motions; the out-of-plane damping ratio is more than two orders of magnitude larger.
The harmonic variation of the out-of-plane damping is due to the lack of non-zero terms in L2
beyond 1/rev. Conversely, D2 contains terms up to 3/rev which is the cause of its different shape.
Additionally, it can be seen that in both orientations that damping ratio decreased in the higher-
order modes. This trend is also observed in [63] and implies that while a lack of separation of the
first out-of-plane mode may be considered acceptable, this is unlikely to be true of higher-order
out-of-plane modes.
To assess the changes in vibratory loads at the resonant rotor speed, the steady-state re-
sponses of the blade under 0 %, 50 % and 100 % of the maximum compressive force were ob-
tained. The moments and shear forces at the root of the blade are subsequently calculated using
the following equations.
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My = EI yw′′∗(R0)







A Fourier analysis is then performed to calculate the magnitude of these loads across the rotor
harmonics of interest. The reduction in the loads from the unloaded case due to the compressive
load, at 50 % and 100 % of the maximum, is shown in Fig. 3.19.


















































Figure 3.19: Reduction in vibratory root loads at the resonant rotor speed, 69.5 %, at each har-
monic due that is available through compressive loading.
It can be seen that with an applied load of 50 % of the maximum, there is a significant re-
duction in the out-of-plane and in-plane root loads across the full range of harmonics. As the
in-plane motion experiences resonance in the unloaded case, which has been averted due to the
compressive load induced change in natural frequency, the loads in this direction demonstrate
the largest reduction in vibratory loads. It should be noted that significant reductions of the out-
of-plane motion are also observed, particularly at the 3/rev harmonic. When the maximum load
is applied, the magnitude of these reductions increases for the majority of the vibratory loads;
however the out-of-plane loads at 2/rev increase. As the compressive load is increased the second
out-of-plane mode is greatly reduced. This increases the separation between this mode and the
3/rev harmonic which in turn results in a reduction in vibratory loads at this frequency. How-
ever, the reduction in the natural frequency of the second in-plane mode reduces its separation
with the 2/rev harmonic resulting in a subsequent increase in the loads at this frequency.
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3.5 Chapter summary
This chapter demonstrated the core principles of the compressive loading based resonance avoid-
ance concept.
Firstly, a boundary value problem model was created to represent a rotating cantilevered
beam with an applied compressive load.
An experiment was subsequently created using a cantilevered beam with a tendon attached at
the tip to transfer a compressively loaded force to the beam. The natural frequencies of the cou-
pled beam-tendon system were obtained across a range of compressive load values. The results
demonstrated that the modes of the beam were reduced by the application of the compressive
load. The modes of the tendon were shown to increase significantly with tension, in line with
that expected from analytical solutions of uncoupled tendons under tension. Some values of com-
pressive loading resulted in significant interactions between modes dominated by the beam and
the tendon in the form of veering.
The present beam model was adapted to represent the beam-tendon system of the experiment
with coupling between the two entities occurring via the boundary conditions. The experiment
and the model were compared in terms of the natural frequency values and mode shapes, via
the MAC, to validate the model.
It was observed in the experimental results that there were two main influences of the com-
pressively loaded tendon on the beam: the reduction in effective stiffness due to the compressive
force and the interaction of the dynamic effects of the tendon itself. As the focus of this research
is the former of these effects, an effort was made to develop an appropriate means with which to
model the compressive force without the associated effects of the tendons dynamics. Therefore, a
set of three modelling options for a point force located at the tip of the beam were hypothesised:
one that was parallel to the plane of rotation and directed towards the centre of rotation, one
orientated towards the root of the beam and one that was tangential to the tip of the beam.
These three models were subsequently compared to the aforementioned model with the dy-
namics of the tendon greatly reduced by lowering its mass. It was observed that with the force
parallel to the plane of rotation, the change in natural frequencies was overpredicted. Con-
versely, the tangent model underpredicted the changes in natural frequencies and, in one in-
stance, predicted changes in the wrong direction. However, the model with the force directed
towards the root demonstrated an excellent correlation with the model of the coupled beam-
tendon model and was therefore chosen as the method with which to model the compressive
load for the remainder of the research.
The model of the beam, without tendon, and with the point force directed towards the root
was used to assess the ability of compressive loading to alter the natural frequencies of rotor
blades without exceeding 75 percent of the critical buckling load. For this assessment, the first
six modes of the rotor blades of three different test aircraft were considered.
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For all but the fundamental in-plane and out-of-plane modes, the desired change in natural
frequency was achieved well within the prescribed maximum compressive value. Whilst the fun-
damental in-plane and out-of-plane modes were not always able to achieve the same change in
natural frequencies, this is not necessarily a problem. The fundamental in-plane mode typically
operates with a natural frequency much lower than that of the lowest harmonic and is therefore
unlikely to encounter resonance even at greatly reduced rotor speeds. The fundamental out-of-
plane mode typically experiences large amounts of damping and is also therefore unlikely to
encounter significant vibratory loads.
The separation between natural and excitation frequencies has traditionally been used as the
metric for the dynamic design of rotor blades. However, a simplified simulation for the vibra-
tory loads experienced during forward flight was formulated to demonstrate the reduction in
vibratory loads available through compressive loading. It was demonstrated that with the ap-
plication of compressive loading, a reduction in vibratory loads was possible. However, it was
also observed that if excessive compressive loads are applied, it is possible to create a resonant
interaction that was not previously present.
The capability of compressive loading to alter the natural frequencies of a simplistic blade
has been successfully demonstrated and it has been shown that this should lead to reduced
vibratory loads during forward flight. Therefore, in the following chapter, a more refined model
shall be developed and used to assess the range of operational rotor speeds available with the











IN-VACUO RESONANCE AVOIDANCE OF ROTOR BLADES
In the previous chapter, Chapter 3, the effect of compressive loading on the in-plane and out-of-
plane dynamic properties of a rotating untwisted blade with coincident mass and elastic axes
was investigated and a relationship between altering these properties and reducing vibratory
loads was established. In this chapter, the torsional motion is considered alongside the pre-
viously investigated in-plane and out-of-plane motion. Additionally, realistic coupling between
these motions is introduced in the form of initial twist and an offset between the mass and
elastic axes of a blade. Once these additional features have been incorporated into the model, a
range of validation tests are performed to verify and validate the model. Subsequently, a case
study is performed that incorporates the additional coupling and compressive load to determine
the increase in rotor speed range that can be operated in, without encountering resonance, using
the proposed compressive loading based resonance avoidance technique.
4.1 In-vacuo bending-bending-twist model
To investigate the additional effects of torsional motion, twist and non-coincident mass and elas-
tic axes, a new sub-model is developed. This model is based on the Partial Differential Equations
(PDEs) developed by Houbolt and Brooks [137]. These equations were developed specifically to
be used in the modelling of rotor blades and have been widely used throughout industrial com-
prehensive rotor codes such as J134 [6] and S4 [163]. Similar to the model described in Sec-
tion 3.1, they capture the effects of rigidity, blade inertia and internal tension but they also cap-
ture the torsional motion and remain valid for the blades with initial twist and non-coincident
mass and elastic axes. The addition of these effects will introduce significant coupling between
the in-plane, out-of-plane and torsional motions of the blade and more accurately reflect the
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behaviour of real-world rotor blades.
4.1.1 Compressive load
As was concluded in Section 3.1.1, a point force applied on the elastic axis at the tip of the
blade directed towards the root is the model of the compressive load to be used throughout this
research. The force, as shown in Fig. 4.1, is again decomposed into components in the x, y and z
directions. 



















Figure 4.1: Schematic of compressive force decomposition
The geometry of the beam and its deformations can then be used to calculate the orientation
of the unit vector between the tip and the root. Subsequently, the unit vector and the magnitude
of the applied compressive load can be combined to calculate the component of the applied force
in each direction as shown below in Eq. (4.1).
Px = P R−R0√
(R−R0)2 +v∗(R)2 +w∗(R)2
Py = P v∗(R)√
(R−R0)2 +v∗(R)2 +w∗(R)2
Pz = P w∗(R)√
(R−R0)2 +v∗(R)2 +w∗(R)2
(4.1)
To allow these loads to be incorporated into the linear field equations and boundary conditions,
it is necessary to linearise these loads. This is performed using a Taylor expansion about v∗ and
w∗ equaling zero up to the second term, the results of which are shown in Eq. (4.2).
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Px = P (4.2a)
Py = P v∗(R)(R−R0)
(4.2b)
Pz = P w∗(R)(R−R0)
(4.2c)
As (R − R0) À v∗(R) and (R − R0) À w∗(R) the change in orientation of the load is minor,
hence Eq. (4.2a) is expected. Furthermore, it can also be seen that Eqs. (4.2b) and (4.2c) take the
mathematical form of linear springs of stiffness P(R−R0) as was also observed in [114].
4.1.2 Field equation
The equations of motion that represent the motion of the blade within the domain are a set of
three linear non-homogenous coupled PDEs; one for each of the three motions to be captured.
Each of the three PDEs contains three states, v∗, w∗, and φ∗, and is a function of one spatial
domain, x and one temporal domain, t. The terms pertaining to B1, B2, e0, L y, Lz and Mφ are
removed as is commonplace with in-vacuo analyses based on these PDEs [1, 77, 164, 165, 166,
167]. The removal of these terms will simplify the equations which will reduce the computational
cost, improve the ease with which the equations can be interpreted and ensure that only the
desired physical phenomena are captured. The resulting equations are shown below
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− (Tw′∗)′+
[
−TeAφ∗ cos(θ)+ (EIz −EI y)cos(θ)sin(θ)v′′∗+ [EIz sin2(θ)+EI ycos2(θ)]w′′∗
]′′
+mẅ∗+meφ̈∗ cosθ− (meΩ2xφ∗ cos(θ))′
= (TeA sin(θ))′′+ (Ω2mxesin(θ))′
(4.3a)
− (Tv′∗)′+[TeAφ∗ sin(θ)+ [EIzcos2(θ)+EI y sin2(θ)]v′′∗+ (EIz −EI y)cos(θ)sin(θ)w′′∗]′′
+mv̈∗−meφ̈∗ sinθ−mΩ2[v∗− eφ∗ sin(θ)]+ (meΩ2xφ∗ sin(θ))′








−TeA(w′′∗ cosθ−v′′∗ sinθ)− (GJφ′∗)′+mk2mφ̈∗+mΩ2φ∗(k2m2 −k2m1)cos2θ
+meΩ2x(w′∗ cosθ−v′∗ sinθ)− (v̈∗−Ω2v∗)sinθ+ ẅ∗ cosθ
= (Tk2Aθ′)′−mΩ2(k2m2 −k2m1)sin(θ)cos(θ)
(4.3c)





R2 − x2)−P (4.4)
The singly underlined terms in Eqs. (4.3a) and (4.3b) are the terms introduced by the inclusion
of twist (θ 6= 0) and non-coincident mass and elastic axes (e 6= 0, eA 6= 0) that were not present
in Section 3.1.2. The doubly underlined terms in Eqs. (4.3a) and (4.3b) are the modifications
to terms that previously existed in Eqs. (3.3a) and (3.3b), respectively. If the singly underlined
terms were removed and the doubly underlined terms were equal to one, it can be seen that
Eqs. (4.3a) and (4.3b) would reduce to Eqs. (3.3a) and (3.3b). The additional equation, Eq. (4.3c),
represents the torsional motion and was not present in Chapter 3.
As with the previous model, the principle of separation of variables and an assumed harmonic
response is employed with the assumed solution taking the form shown in Eq. (4.5).
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Once the assumed solution was substituted into Eq. (4.3), the terms that are linearly propor-
tional to est are gathered to form a set of Ordinary Differential Equations (ODEs) that represent
the oscillatory shape of the blade. This process removes the temporal domain and ensures that
the equations are suitably formatted for the numerical solver. The resulting set of equations are
shown below in Eq. (4.6).
− (Tw′)′+
[
−TeAφcos(θ)+ (EIz −EI y)cos(θ)sin(θ)v′′+ [EIz sin2(θ)+EI y cos2(θ)]w′′
]′′
+ms2w+mes2φcosθ− (meΩ2xφcos(θ))′ = 0
− (Tv′)′+[TeAφsin(θ)+ [EIz cos2(θ)+EI y sin2(θ)]v′′+ (EIz −EI y)cos(θ)sin(θ)w′′]′′






−TeA(w′′ cosθ−v′′ sinθ)− (GJφ′)′+mk2ms2φ+mΩ2φ(k2m2 −k2m1)cos2θ
+meΩ2x(w′ cosθ−v′ sinθ)− (s2v−Ω2v)sinθ+ s2wcosθ = 0
(4.6)
Finally, these equations were converted from this form, two fourth-order equations and one
second-order ODEs, to a set of ten first-order equations to meet the format requirements of the
numerical solver described in Section 2.3.1.
4.1.3 Boundary conditions
Similarly to the model and experiment in Chapter 3, cantilevered boundary conditions are en-
forced to replicate the hub configuration of a bearingless rotor. The field equations for the blade
consist of one second-order and two fourth-order equations which necessitate ten boundary con-
ditions to ensure the problem is properly posed. Half of these conditions will enforce a fixed
root and the other half shall enforce a free tip, subject to the augmentation due to the applied
compressive load.
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The fixed boundary condition at the root consists of constraining the displacements and angles







The free boundary conditions at the tip for a traditional cantilevered beam consists of con-
straining forces and moments at the elastic centre to zero. However, due to the application of
the compressive load, the force and moment equilibria are enforced as a balance of internal loads



























Fy = Tv′∗−M′z −Ω2mexsin(θ)φ∗
Fz = Tw′∗−M′y +Ω2mexcos(θ)φ∗
(4.9)
The M0est term is used to apply an excitation moment to the tip of the beam in each of the
three directions. A moment load was chosen for the in-plane and out-of-plane orientations, as
opposed to a transversal force, to provide consistency with the torsional motion.
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Once the assumed motion of the blade, as stated in Eq. (4.5), and Eqs. (4.2) and (4.9) are sub-







EI y cos(θ)2 +EIz sin(θ)2
]
w′′(R)+ [EIz −EI y]sin(θ)cos(θ)v′′(R)−TeAφ(R)cosθ = M0[
EI y sin(θ)2 +EIz cos(θ)2
]











Once the model for the coupled in-plane, out-of-plane and torsional motions of a twisted blade
with non-coincident mass and elastic axes and an applied compressive load had been developed,
it is verified and validated. After this, it is used to investigate the influence of compressive load-
ing on the natural frequencies of rotor blades. The verification and validation shall be performed
using existing results from other, independently developed, models and then by comparison with
a Finite Element (FE) model.
4.2.1 Validation using existing results
The model shall be used to compare the results of two different models that are based on the
same set of PDEs. The first comparison will be with a model of an untwisted non-rotating blade
before proceeding to compare the present model to a model that incorporated twist and rotation.
4.2.1.1 Non-rotating model comparison
The first set of validation results to be used are those of Murthy [1] that were created using
a model based on the same PDEs [137] but without the applied compressive load and solved
using a transmission matrix method. The parameters of the beam used are described below in
Table 4.1.
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Table 4.1: Blade properties for non-rotating model comparison
Property Value
Mass distribution, m [m] 0.863
Out-of-plane bending rigidity, EI y [Nm2] 71.77
In-plane bending rigidity, EIz [Nm2] 215.32
Torsional rigidity, GJ [Nm2] 25.84
Radius, R [m] 1.016
Root cutout, R0 [m] 0
Rotor speed, Ω0 [rads−1] 0
Root pitch, θ(R0) [rad] 0.785
Linear twist, δ [rad] 0
Mass radii of gyration about the major axis, km1 [m] 0.0254
Mass radii of gyration about a perpendicular axis, km2 [m] 0.0254
Polar radius of gyration, kA [m] 0
Mass-elastic offset, e [m] 0.0359
Area-elastic offset, eA [m] 0
It can be seen from the blade properties that these results will not capture the effect of twist
and rotation. However, the inclusion of an offset between the mass and elastic axes (e 6= 0) will
induce coupling between the different motions. A comparison of the natural frequencies calcu-
lated from the two models is shown below in Fig. 4.2.


































Figure 4.2: Comparison of natural frequencies calculated from the present model and that of [1].
It can be seen that the natural frequencies calculated from the two models agree very well
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which indicates that the present model was correctly implemented. In addition, the mode shapes
that were provided are also compared, as seen in Fig. 4.3, and the correlation quantified using













Figure 4.3: Comparison of the mode shapes calculated from the present model and that of [1].
As can be seen from the visual correlation between the mode shapes, and the corresponding
MAC values, the agreement between the two models, both in terms of natural frequencies and
mode shapes is excellent. This gives confidence that the model has been correctly implemented
and is able to capture the effects of non-coincident mass and elastic axes.
4.2.1.2 Rotating model comparison
The second set of existing results to be compared are those of Isakson and Eisley [2] that were
created using a model that was also based on the same PDEs [137] but solved using a Holzer-
Myklestad type method. The parameters of the beam used are described below in Table 4.2.
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Table 4.2: Blade properties for rotating model comparison
Property Value
Mass distribution, m [m] 1.089
Out-of-plane bending rigidity, EI y [Nm2] 1.371×103
In-plane bending rigidity, EIz [Nm2] 1.371×104
Torsional rigidity, GJ [Nm2] 1.581×103
Radius, R [m] 1.5
Root cutout, R0 [m] 0
Rotor speed, Ω0 [rads−1] 273.2
Root pitch, θ(R0) [rad] 0.524
Linear twist, δ [rad] -0.524
Mass radii of gyration about the major axis, km1 [m] 0.00703
Mass radii of gyration about a perpendicular axis, km2 [m] 0.115
Polar radius of gyration, kA [m] 0.0233
Mass-elastic offset, e [m] 0.0164
Area-elastic offset, eA [m] 0.0164
Additionally, it should be noted that unlike the present work, where B1 and B2 are set to
zero and removed, this was not the case for the reference work. The blade parameters used in
this model include the effects of centrifugal forces due to rotation and twist, which were not
present in Section 4.2.1.1, in addition to an offset between the mass and elastic axes. The mode
shapes were not provided in the reference data, therefore only the natural frequencies for the
two configuration can be compared, as seen in Fig. 4.4.
102
4.2. MODEL VALIDATION
0 0.2 0.4 0.6 0.8 1































0 0.2 0.4 0.6 0.8 1


















Figure 4.4: Comparison of the natural frequencies calculated from the present model and that
of [2].
It can be seen that the introduction of the centrifugal loads associated with rotation and the
effect of twist have induced significant veering interactions [43, 44] between the first and second
mode. The effects have successfully been captured by the current model with almost all the
errors being smaller than 3 % and the errors within the rotor speed of interest for variable speed
rotors (0.6 to 1.0) being less than 2 %.
The correlation observed between the comparisons of the mode shapes and natural frequen-
cies of the current model with two different models, as observed in Figs. 4.2 to 4.4, indicates
that the present model has been correctly implemented and is capable of capturing the coupling
effects of twist and non-coincident mass and elastic axes as well as the effects of centrifugal
loading due to rotation.
4.2.2 Validation using finite elements
Whilst the comparisons performed in Section 4.2.1 verify the implementation of the underlying
beam model, they did not include the compressive load. Therefore, an FE model that includes the
compressive force shall be developed and used to verify the implementation of the compressive
load in the present model. Firstly, the blade to be analysed and then the development of the FE
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model shall be described before a comparison of the results provided by the two models is made.
4.2.2.1 Test blade description
The blade used for this validation study was designed to exhibit all of the effects that the model is
capable of capturing, such as twist and non-coincident mass and elastic axes. The cross-section of
this blade can be seen below in Fig. 4.5. The cross-sectional properties of the blade are calculated
using a 2D FE solver, SaaS ShapeDesigner [168]. These properties and the operating conditions















Figure 4.5: Cross-section geometry of FE test blade
Table 4.3: Blade properties for test blade. Additional properties are calculated as per the equiv-
alences detailed in Appendix C
Property Value
Mass distribution, m [m] 14.32
Out-of-plane bending rigidity, EI y [Nm2] 3.57×104
In-plane bending rigidity, EIz [Nm2] 8.90×105
Torsional rigidity, GJ [Nm2] 3.90×104
Radius, R [m] 5.5
Root cutout, R0 [m] 0.5
Mass-elastic offset, e [m] -0.0215
Root pitch, θ(R0) [rad] 0.28
Linear twist, δ [rad] -0.14
Rotor speed, Ω0 [rads−1] 50
Critical compressive force, Pc [N] 73.64×103
Maximum compressive force, Pm [N] 55.23×103
The cross-sectional shape is a hollow box section with a single line of symmetry along the
major axis. This shape was chosen as it adheres to the singly symmetric assumption used in
the PDEs that formulate the basis of the model and it induces an offset between the mass and
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elastic axes whilst ensuring that the cross-section remains closed. A closed cross-section is what
is typically observed in rotor blades and also ensures the offset between the mass and elastic
axes is similar to that of a realistic blade. Remaining geometric dimensions were sized such that
the blade exhibits similar structural properties to that of a realistic blade.
4.2.2.2 Finite element model
The full 3D FE model is developed using ABAQUS [169], a well-established FE package that
has been extensively validated and used throughout industry.
The geometry, as defined in Section 4.2.2.1, is imported into the model and the material prop-
erties are defined as those stated in Appendix C. The cross-section is subsequently partitioned
into a series of rectangles, as seen in Fig. 4.6, to improve meshing and ensure a node was present
at the elastic axis of the beam.
 
 
 Elastic axis Mass axis 
Figure 4.6: Partitioning of FE test blade cross-section
The geometry is subsequently meshed using the C3D8R element which is a general-purpose
linear brick element, with reduced integration for improved computational efficiency. The mesh
is generated using a top-down swept mesh technique which is possible due to the partitioning of
the cross-section into simple quadrilaterals.
To capture the boundary conditions at the root, all rotations and displacement at the root are
constrained to zero. To capture the boundary conditions at the tip, the applied force is applied in
its decomposed form, as described in Section 4.1.1. Px is applied as a constant concentrated force
at the elastic axis at the tip. Py and Pz are applied as springs of stiffness P(R−R0) attached to the
elastic axis also at the tip. Additionally, a rotational force is applied to the beam to capture the
effects of the centrifugal forces associated with rotation. The aforementioned forces are applied
during a general static solution step which is followed by a linear perturbation step to calculate
the natural frequencies of the system.
To ensure the mesh is sufficiently fine that the results would be accurate, a mesh convergence
study is performed. Initially, a coarse element size of 0.016 m, as seen in Fig. 4.8a, is used to
calculate the first seven frequencies of the blade at its maximum rotor speed and compressive
load value. The analysis is repeated using an element size that is half the size of the previous
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iteration; approximately equivalent to an eight-fold increase in the number of elements. This
process is repeated until all the modes in consecutive iterations are converged to within 1 %.
The convergence history of these frequencies are shown below in Fig. 4.7.
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Figure 4.7: Mesh convergence of first seven modes in FE model.
It can be seen that two of the modes are sufficiently converged with the initial coarse mesh,
however, a mesh of elements one-quarter of this size is required to ensure all of the modes are
sufficiently converged. The final mesh used shall be using elements of size 0.04 m, as seen in
Fig. 4.8b that result in a mesh containing 466000 elements.
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(a) Initial sectional mesh
(b) Final sectional mesh
Figure 4.8: Test beam meshed with coarse and fine mesh.
Once the mesh is suitably converged the FE model can be used to calculate results to compare
with that of the present model.
4.2.2.3 Results comparison
Once developed, the FE is used to calculate the natural frequencies and mode shapes of the test
blade across a range of rotor speeds and compressive loadings. These results are compared with
equivalent results calculated from the present model and used to validate it.
Firstly, the natural frequencies of the blade rotating at 60 % to 100 % of the nominal rotor
speed with no compressive loading and with maximal compressive loading are compared in
Fig. 4.9.
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Figure 4.9: Comparison of fan diagrams calculated using present and FE model.
It can be seen that the present model is able to capture the effects observed in the FE model
well. The main difference to be observed is at higher frequencies where the present model
slightly overpredicts the value of natural frequency. This overprediction is due to the omission
of rotary inertia and transverse shear in the present model that is based on Euler-Bernoulli
beam theory which is known to result in an overprediction of the natural frequencies of higher
modes [136]. The errors in the natural frequency for each mode are shown below in Fig. 4.10.
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Figure 4.10: Errors in natural frequencies calculated using present and FE model.
It can be seen that each of the modes calculated is overpredicted by the present model, how-
ever, these errors are low (<1.8 %) for all modes across the full range of rotor speeds and com-
pressive loads. Additionally, the overprediction in the higher modes results in a slight shift of the
rotor speed at which veering occurs which causes a symmetric reduction/increase of the errors
of these modes.
In addition to comparing the natural frequencies, the mode shapes calculated by the two mod-
els are compared. These comparisons are performed at two conditions; the slowest rotor speed
with no compressive loading and at the highest rotor speed with the maximum compressive
loading.
To calculate the 1D mode shapes from the results of the 3D FE model, the displacement at the
outermost corners of the cross-section are extracted for each radial station. The values at each
radial station are then used to calculate the in-plane, out-of-plane and torsional deformation at
the elastic axis that would correspond to the same displacements at the corners of the cross-
section as those extracted from the 3D FE model.
The MAC comparison of these mode shapes, as seen in Fig. 4.11, demonstrates the ability of
the model to calculate mode shapes.
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(a) Ω/Ω0=60 %, P/Pm=0 %
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(b) Ω/Ω0=100 %, P/Pm=100 %
Figure 4.11: MAC comparison of mode shapes calculated using present and FE model.
It has been shown that the present model is able to replicate natural frequencies and mode
shapes calculated from a variety of external publications and that of a 3D FE model. These com-
parisons were performed across a wide range of rotor speeds and compressive loading values on
blades that capture the effects of twist, non-coincident mass and elastic axes as well as torsional
motion. The accuracy with which these results correlate gives confidence that the model has
been developed and implemented correctly and is suitable for modelling the desired physical
phenomena.
4.3 In-vacuo case study
With the development and validation of a model that includes twist, non-coincident mass and
elastic axes as well as torsional motion, the main geometric features that influence the dynamic
behaviour of a rotor blade are captured. Therefore, case studies to analyse the capability of com-
pressive loading to avoid resonance in variable speed rotors for a range of aircraft are performed
in this section.
Herein, the effects and significance of the additional capabilities of the model described in
Section 4.1 to those of the model used in the previous chapter, Chapter 3, shall be assessed.
Then, the resonances limiting the possible variable rotor speed operation for each of the three
test aircraft described in Appendix C (MBB Bo105, Westland Lynx and Westland AW101) shall
be identified. Subsequently, in-vacuo buckling analyses shall be performed to calculate the max-
imum allowable limit of the compressive loading for each aircraft. Finally, the optimal compres-
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sive loading to reduce the identified resonances across a range of rotor speeds shall be calculated
and the range of operational rotor speeds available will be compared with that of a rotor blade
without compressive loading.
4.3.1 Implications of inter-directional coupling on the dynamic properties of
a rotor blade
The model described in Section 4.1 includes the effects of twist, non-coincident mass and elastic
axes as well as torsional motion, which were not captured by the model used in Chapter 3. The
effects of these additional geometric features result in a model that is able to more accurately
calculate the natural frequencies of a realistic rotor blade. Therefore, a brief study into the
effects of the inclusion of torsional motion, twist and non-coincident mass and elastic axes shall
be performed using the MBB Bo105 blade described in Appendix C.
Firstly, the present model is used, without the presence of twist or a non-coincident mass and
elastic axes (θ(R0) = 0, δ = 0, e = 0, eA = 0), to calculate the natural frequencies of the blade
over a range of rotor speeds. The model described in Section 4.1 is used to calculate the natural
frequencies for the same range of rotor speeds, as seen in Fig. 4.12.
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Figure 4.12: Comparison of fan diagrams for Bo 105 blade calculated using the present model
and that of the previous chapter.
It can be seen that due to the exclusion of twist and a non-coincident mass and elastic axes,
the two models provide identical results. The exception is that the inclusion of torsional motion
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allows the present model to capture the first torsional mode (T1) as well as the original out-of-
plane modes (O1-O4) and in-plane modes (I1-I2).
The present model is subsequently used to calculate the natural frequencies with the inclusion
of collective pitch and twist. The collective pitch as defined as that of the maximum value the
aircraft is capable of [122], θ(R0) = 0.262, to accentuate its influence and twist is defined as
stated in Appendix C. The comparison of these natural frequencies for the untwisted and twisted
cases are shown below in Fig. 4.13.
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Figure 4.13: Comparison of fan diagrams for Bo 105 blade with and without twist.
It can be seen that the inclusion of twist results in some interaction between the in-plane and
out-of-plane modes that were not observed previously. This is most noticeable in the interaction
between the third out-of-plane mode and the second in-plane mode at rotor speeds between 0.7
and 1 but can also be seen in the interaction between the first in-plane mode and the first out-of-
plane mode at rotor speeds between 0.6 and 0.8. In these regions, modes that previously crossed
each other veer away from each other and continue along the trajectory of the other mode due
to a phenomenon known as veering [43, 44]. For the second out-of-plane mode, which has no
neighbouring in-plane modes, there is no change in behaviour. For the crossing of the fourth out-
of-plane modes and the first torsional mode, there is no interaction in either the untwisted or
twisted case. This behaviour would indicate that twist introduces coupling between in-plane and
out-of-plane motion but has minimal impact on the coupling between torsional and out-of-plane
motion.
Finally, the offset between the mass and elastic axes stated in Appendix C is introduced, as
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seen in Fig. 4.14
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Figure 4.14: Comparison of fan diagrams for Bo 105 blade with coincident and non-coincident
mass and elastic axes.
It can be seen that the introduction of a non-coincident mass and elastic axes influences the
torsional motion of the blade but has minimal impact on the other motions. Due to the offset
between the mass axes and the elastic axes (about which the torsional motion occurs), the ro-
tational inertia is increased which causes the slight reduction in torsional natural frequency.
Additionally, veering is observed between the fourth out-of-plane mode and first torsional mode.
However, unlike the veering introduced by twist, this veering appears only with the torsional
motion and the range of rotor speed that it effects is much smaller.
It can be seen from this brief investigation that the inclusion of twist and non-coincident mass
and elastic axes introduces coupling between different motions. Twist introduces significant
coupling between the in-plane and out-of-plane motions of the blade, the two most prominent
transversal motions. A non-coincident mass and elastic axes introduces coupling between the
out-of-plane and torsional motions, but over a much smaller range of rotor speeds.
4.3.2 In-vacuo resonant behaviour in a blade without compression
One of the main issues impeding the implementation of variable rotor speeds in rotorcraft is that
of the resonance encountered at different rotor speeds, as discussed in detail in Section 1.2.2.2.
Therefore, an assessment is made of the resonances encountered in each of the three aircraft de-
scribed and defined in Appendix C: the MBB Bo 105, the Westland Lynx, and Westland AW101.
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These aircraft exhibit a varying set of uses, sizes and performance characteristics which is re-
flected in their blade properties.
Firstly, the parameters of the case study shall be defined. The blade properties shall be defined
using the required parameters from Appendix C and the collective pitch is again defined as that
of the maximum value the Bo105 [122], θ(R0) = 0.262, to accentuate its influence. Whilst some
studies looking at the performance benefits have found that reductions of 10 % to 20 % achieved
significant performance improvements [16, 25, 11], the range of rotor speeds considered will be
60 % to 100 % of the nominal value to replicate the larger 40 % reduction of the Boeing A160T
Hummingbird [28].
Firstly, the natural frequencies of the blades of the three test aircraft are calculated across
the prescribed range of rotor speeds using the model described in Section 4.1. These frequencies
are then used to identify the rotor speeds at which a resonant interaction between a mode and
a rotor harmonic will occur, as shown in Fig. 4.15.
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Figure 4.15: Fan diagram for each test aircraft highlighting resonances.
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It can be seen here that several resonant interactions are observed in each of the test aircraft.
An observation that is common across each of the aircraft is that there are more resonances
observed in the higher modes. This is because the natural frequencies of the lower modes of the
blades track somewhat parallel to their nearest rotor harmonic. For example, Eq. (A.11) can be
used to show that the asymptotes of the natural frequencies for the first in-plane and first two
out of plane of a rotor blade, regardless of mass and stiffness, will be ∼ 0.5/rev, ∼ 1.1/rev and
∼ 2.5/rev as the rotor speed increases. Therefore, as the natural frequencies for these modes
start either side of the harmonic above their asymptotic value, they will typically cross one
resonance as observed in Fig. 4.15. Conversely, the higher-order modes, such as the second in-
plane mode have a natural frequency between the 6/rev and 8/rev harmonic at the lowest rotor
speed but asymptotically tend towards ∼ 2.3/rev which means there are many more harmonics
which may be crossed and therefore interacted with. This is evidenced in Fig. 4.15 with these
higher modes exhibiting between one and four resonances. Additionally, the resonance of the
first in-plane mode of the AW101 observed in Fig. 4.15c is likely unrealistic. Due to the fixed
root boundary condition in the model, which differs from the articulated rotor observed in the
AW101, the natural frequencies of the first in-plane mode is significantly higher than is realistic.
As the separation between natural and excitation frequencies is a commonly used design
metric for avoiding resonance in rotor blades [68, 6], it shall also be used to evaluate resonance in
the blades in more detail. This Modal Separation (MS) is quantified by calculating the separation




The minimum of these values across each of the modes considered, herein referred to as Min-
imum Modal Separation (MMS), is the metric that determines the proximity of resonance.
The MS and MMS calculated from the natural frequencies and harmonics shown in Fig. 4.15
are shown in Fig. 4.16. Alongside the separation values, an acceptable level of separation, de-
fined as 10 % of the rotor speed is shown [6]. This value can be used to determine which rotor
speeds are sufficiently free from resonance to be used in operation.
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Figure 4.16: Modal separation, normalised against rotor speed, for each mode across range of
rotor speeds for each test aircraft.
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It can be seen that the MMS is below the acceptable value for the overwhelming majority
of the desired rotor speed range for the Lynx (between 60 % and 99.4 %) and AW101 (between
60.3 % and 99.6 %). The Bo105 has two rotor speed regions which have an acceptable value of
MMS for operation; between 81.7 % and 84.5 % and between 93.2 % and 100.0 % of the nomi-
nal. This results in a total of 24.0 % of the desired rotor speed range being available and would
require transitioning through a relatively large rotor speed range with unacceptable modal sep-
aration values if both regions are to be utilised. This lack of separation between natural and
excitation frequencies across a range of rotor speeds is the source of the resonant interactions
that inhibit the deployment of variable speed rotors. Therefore, the use of the applied compres-
sive load shall be considered to increase the value of MMS across the desired range of rotor
speeds.
It can be seen in Fig. 4.16 that the MMS value is dictated by different modes at different
rotor speeds which signifies that the ability to alter the frequencies of multiple modes may be
necessary to ensure a wide range of operational rotor speeds are available. Additionally, whilst
the higher-order modes are responsible for more resonant interactions, as shown in Fig. 4.15,
they cross the harmonic with which they are interacting more acutely which results in a small
range of rotor speeds being affected by each resonant interaction. Conversely, the lower modes,
whilst exhibiting fewer resonant interactions, preclude a larger range of rotor speeds than the
higher modes. For example, in both the Lynx and AW101, the combination of the first in-plane
mode and second out-of-plane mode alone would preclude the same range of rotor speeds as when
the full set of modes is considered. Considering this, and the fact that lower harmonics contain
more energy to excite these modes, as demonstrated in flight tests of a CH-53A [47], means
that avoiding resonance in the lower order modes may be key to the success of this resonance
avoidance system.
4.3.3 In-vacuo resonance avoidance using compressive loading
The results presented herein were presented in part in [153]
To avoid the resonant interactions observed across the desired range of rotor speeds that were
demonstrated in Section 4.3.2, the ability of compressive loading to alter the natural frequencies
shall be utilised to increase the range of rotor speeds that are safe to be operated in. Firstly, the
maximum compressive load to be considered is calculated. Subsequently, a study to avoid the
resonance of a single-mode, and then two modes concurrently, shall be performed to gain insight
into the behaviour of the optimisation results. A detailed study of how the compressive loading
performs as a means of resonance avoidance for the resonances that filter through to the fuselage
and for the resonances that influence the blade shall be performed. To conclude, a comparison of
the resonance avoidance performance for each different test aircraft shall be performed.
The upper limit of compressive loading considered in this case study is 75 % of the critical
buckling loading, as specified in Section 4.3. Similarly, the buckling load of a beam can be defined
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as the load at which the lowest natural frequency reaches zero [114, 111]. The variation of
the natural frequencies of the lower modes with compressive load is shown below, in Fig. 4.17,
alongside a summary of the critical buckling load and maximum applied load for each aircraft
summarised in Table 4.4.
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Figure 4.17: Natural frequencies of the lower under compressive loading up to the buckling load.
Table 4.4: Buckling and maximum allowable loads for each aircraft
Aircraft MBB Bo105 Westland Lynx Westland AW101
Critical compressive force, Pc [N] 21.15×103 24.27×103 34.46×103
Maximum compressive force, Pm [N] 15.86×103 18.20×103 25.85×103
Critical compressive force, Pc [N] Maximum compressive force, Pm [N]
Unlike Section 4.3, the first in-plane and first two out-of-plane modes are shown. For each test
aircraft, it can be seen that the second out-of-plane is initially higher for the unloaded case. As
the compressive loading increases, the second out-of-plane mode decreases more abruptly and
veers with the first in-plane and out-of-plane modes. The veering is due to the coupling that is
caused by the non-coincident mass and elastic axes and twist.
The cause of this behaviour is likely to be the orientation of the applied load. As observed in
Section 4.3, the fundamental in-plane and out-of-plane modes exhibit very low levels of sensitiv-
ity to the compressive loading. Consequently, the buckling mode becomes the next lowest mode,
the second out-of-plane mode. As the focus of this study was to identify the critical buckling load
for the purposes of identifying an upper limit to the compressive loading, no further stability
investigations shall be performed.
When compared to the values calculated in Chapter 3, as seen in Table 3.2, it can be seen
that the values in Table 4.4 are lower by between 0.2 % to 1.3 %. This is expected, as beams
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which exhibit coupled bending-torsion motions may buckle at lower loads than beams with pure
flexural or torsional modes [111].
Once the upper limit for the buckling load is defined, the resonance avoidance capability of
the compressive loading is assessed. Unlike the case study performed in Chapter 3, where the
sensitivity of each mode of each test aircraft to the compressive loading was investigated, a more
realistic study shall be employed that focuses on the problematic modes at each rotor speed. The
inclusion of torsional motion and twist in the model allows for a more realistic representation
of the blade and therefore a more accurate calculation of its natural frequencies. Due to this in-
creased realism, the separation between natural and excitation frequencies becomes pertinent.
Herein, the improvements in the MMS observed in the unloaded rotor blade, as described in
Section 4.3.2, that are available due to compressive loading shall be demonstrated.
The natural frequencies of each blade across a range of rotor speeds, as seen in Fig. 4.15, are
calculated for a range of compressive loads up to Pm. Consequently, the modal separation for





The MMS is again calculated at each rotor speed as the smallest separation from each of the






The optimum compressive load at each rotor speed is the compressive load at which the MMS
is maximised.
Although mapping the full range of compressive loads and rotor speeds is a computationally
intense method to determine this optimum, the use of local optimisation to calculate the opti-
mum is not feasible. Due to the large number of natural frequencies and rotor harmonics, the
optimisation would be highly multi-modal and therefore not possible to accurately solve using
local optimisation.
The fan diagrams for the unloaded and maximally loaded cases for each rotorcraft are shown
in Fig. 4.18.
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(a) Bo105 (b) Lynx
(c) AW101
Figure 4.18: Fan diagrams for test aircraft with different compressive loading profiles. Grey
shaded regions denote the area between minimum and maximum loading.
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It can be seen that compared to the unloaded case, as previously shown in Fig. 4.15, the max-
imally loaded case exhibits a lower value for the natural frequency of each mode at each rotor
speed. Additionally, it can be seen that the magnitude of this reduction in frequency depends on
the mode and rotor speed; trends that were previously observed in Chapter 3. When the blade
is loaded, the values will vary between the upper limit (observed in the unloaded case) and the
lower limit (observed in the maximally loaded case) as highlighted in Fig. 4.18.
To obtain the optimal compressive loading at each rotor speed, the MMS is used as an ob-
jective metric to be maximised. Firstly, we shall investigate how this methodology performs
when optimising the resonance avoidance of a single mode, the third out-of-plane mode, of the
Bo105 aircraft. This mode is ideal for demonstration due to its proximity and interaction with
the second in-plane mode. The resulting optimal loading profile, natural frequencies and modal
separation for the third out-of-plane mode (optimisation objective) and the second in-plane mode
(not optimised) are shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
Figure 4.19: Results of optimisation of single mode (O3). Grey shaded regions denote the area
between minimum and maximum loading. Green shaded regions denote ranges where optimal
compressive load is 0.
It can be seen in Fig. 4.19a that at the nominal rotor speed the optimum compressive load is
0 kN. This is because the natural frequency of the third out-of-plane mode (O3) is higher than
its nearest harmonic and any applied compressive load would reduce the natural frequency
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of this mode and its modal separation accordingly. This value for the optimum compressive
load continues down to 95.5 % of the nominal rotor speed. During this region it can be seen in
Fig. 4.19b that the natural frequency of the third out-of-plane mode moves away from its nearest
harmonic which results in an increase in the modal separation, reaching a maximum of 50 %,
as observed in Fig. 4.19c. Any further reductions in rotor speed would result in the natural
frequency continuing to move further away from the harmonic below and towards the harmonic
above. However, as the harmonic above is the closest, this would have a negative effect which can
be observed as a reduction in the modal separation for the unloaded case. Therefore, the optimal
loading below 95.5 % increases to ensure that the natural frequency sits equidistant between
the two harmonics above and below as seen in Fig. 4.19b. Consequently, the modal separation
for this mode can be in Fig. 4.19c to maintain a perfect 50 % separation.
Whilst this optimal loading profile can be seen to significantly improve the modal separation
of the third out-of-plane mode, it has negative consequences for the second in-plane mode. As
the compressive loading is applied, it reduces the natural frequency of the second in-plane mode
as well as the third out-of-plane mode. The reduction in the natural frequency of the second
in-plane mode causes a resonant interaction to occur at 81.5 % of the nominal rotor speed which
was not present in the unloaded case, as can be seen in Fig. 4.19c.
To avoid the resonance caused by the second in-plane mode as well as the third out-of-plane,
the procedure is repeated using the MMS of both modes as the objective function to be max-
imised. The resulting optimal loading profile, natural frequencies and modal separation are
shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
Figure 4.20: Results of optimisation of two modes. Grey shaded regions denote the area between
minimum and maximum loading. Green shaded regions denote ranges where optimal compres-
sive load is 0. Purple shaded regions denote ranges where optimal compressive load is Pm.
It can be seen that using an objective function that accounts for both modes has a significant
impact on the modal separation of the two modes. Instead of one mode achieving the maxi-
mum 50 % separation and the other exhibiting resonances, it has been possible to ensure that
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both modes exceed the acceptable separation of 10 % for the entire rotor speed range as seen in
Fig. 4.20c. As this occurs, there appear to be three different behaviours occurring throughout the
rotor speed range observed. The first behaviour, herein referred to as balanced modal separa-
tion, can be observed from 100 % to 84.5 %, 83 % to 66.75 % and 60.75 % to 60 %. This behaviour
is identified by an optimised compressive load neither at the minimum or maximum allowable
limit and the separation of the two modes with the smallest separation is equal, as observed in
Fig. 4.20c. This behaviour occurs because the separation of one mode is dictated by a harmonic
above its natural frequency and the other is dictated by a harmonic below (as seen in Fig. 4.20b);
any change in the compressive loading would improve the separation of one but worsen the other.
The second behaviour, herein referred to as compression limited, can be observed from 84.5 % to
83 % and 66.75 % to 65 %. The behaviour is identified by the optimal compressive load equalling
the maximum allowable compressive load. This behaviour occurs because the separation of the
mode dominating the MMS (in this case the second in-plane mode) is below the harmonic domi-
nating its separation but cannot be reduced any further; not because of the separation of another
mode, but due to upper limit of the compressive load. The final behaviour, herein referred to as
baseline limited, can be observed from 66.75 % to 65 %. This behaviour is identified by the opti-
mal compressive load equalling 0 kN. This behaviour is the opposite of the compression limited
and occurs because the separation of the mode dominating the MMS (in this case the second in-
plane mode) is above the harmonic dominating its separation; i.e. any applied load would reduce
its natural frequency and worsen its modal separation.
Unfortunately, there is little that can be done to alter the baseline limited behaviour as the
compressive loading only has the ability to reduce, not increase, natural frequencies. It would be
possible to reduce the presence of compression limited by increasing the maximum compressive
load but this may induce structural stability issues. Furthermore, as the number of modes being
considered increases, it is likely that there will be more of the balanced modal separation due to
the increasing number of modes to be balanced.
Additionally, it should be noted that while some of the transitions between these behaviours,
such as from the two large regions of balanced modal separation to their adjacent regions of
compression limited, are smooth this is not always the case. The changes in behaviour at 65 %
and 83 % are very abrupt which may be infeasible or practically unachievable and therefore may
have to be implemented more gradually.
Once the MMS improvements achievable using compressive loading have been investigated
for one and two modes, the procedure can be applied to a full set of modes to assess the capability
of compressive loading to avoid resonance. Herein the resonances that filter through to the fuse-
lage are considered. This consists of using the first four out-of-plane modes (O1-O4), first two in-
plane modes (I1-I2) and the first torsional mode (T1) interacting with the Nb, Nb±1,2Nb,2Nb±1
harmonics. The resulting optimal loading profile, natural frequencies, modal separation and
mode(s) dominating the MMS value at each rotor speed are shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
(d) Mode(s) which dictate the value of MMS
Figure 4.21: Results of optimisation of fuselage filtered modes. Grey shaded regions denote the
area between minimum and maximum loading. Purple shaded regions denote ranges where
optimal compressive load is Pm. Red shaded regions denote ranges where the MMS is below an
acceptable level.
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It can be seen from Fig. 4.21a that the balanced modal separation remains the dominant
behaviour across the range of rotor speeds investigated. However, due to the increase in the
number of modes included in the optimisation, there are significantly more abrupt changes in
the optimal compressive loading profile.
Fig. 4.21c shows that the compressive loading has been able to provide significant improve-
ments to the modal separation. In rotor speed ranges where the separation was already ac-
ceptable, it has been further increased which would likely result in reduced vibration levels
in the fuselage, benefiting passenger comfort and the performance of sensitive equipment. In
other rotor speed ranges, the modal separation has increased from an unacceptable level to an
acceptable level which would permit the aircraft a larger range of operational rotor speeds.
Unfortunately, there are still two rotor speed regions which remain lower than the accept-
able limit, as highlighted in Figs. 4.21c and 4.21d. Fig. 4.21d shows which mode (for baselime
limited or compression limited regions), or modes (for balanced modal separation regions), are
dominating the MMS. It can be seen that the first torsional mode is one of, if not the only, mode
dominating the MMS and preclude an acceptable level of modal separation. The cause of this is
likely to be due to the lack of sensitivity of the first torsional mode to the compressive loading,
as observed in Fig. 4.21b, making it almost impossible to avoid this mode interacting with the
8/rev and 9/rev harmonic. However, these rotor speed regions are relatively narrow which may
mean that a rotor can traverse this region sufficiently quickly to avoid the accumulation of large
vibratory loads and operate in one of the other rotor speed ranges with an acceptable MMS.
The results presented in Fig. 4.21 only capture resonances of the first four out-of-plane modes
(O1-O4), first two in-plane modes (I1-I2) and the first torsional mode (T1) interacting with the
Nb, Nb ±1,2Nb,2Nb ±1 harmonics as it is resonances at these harmonics which filter from the
rotor blade to the fuselage and influence the vibratory loads experienced by the people and equip-
ment onboard. However, it is important to investigate all interactions in the rotating frame as
they may include additional resonances which, although they may not affect the people or equip-
ment in the fuselage, will influence the vibratory loads in the blade which may cause structural
damage to the blade itself. Therefore, the optimisation presented in Fig. 4.21 is repeated consid-
ering the first ten rotor harmonics. The results of this optimisation procedure are shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
(d) Mode(s) which dictate the value of MMS
Figure 4.22: Results of optimisation of all modes of the MBB blade. Grey shaded regions denote
the area between minimum and maximum loading. Green shaded regions denote ranges where
optimal compressive load is 0. Purple shaded regions denote ranges where optimal compressive
load is Pm. Red shaded regions denote ranges where the MMS is below an acceptable level.
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The inclusion of the additional harmonics introduces extra resonances which instigates changes
to the optimum loading profile and subsequently natural frequencies as seen when comparing
Figs. 4.22a and 4.22b to Figs. 4.21a and 4.21b.
These resonances significantly reduce the MMS values across the range of rotor speeds. This
reduction results in significant regions of the rotor speed above 70.9 % of the nominal rotor speed
changing from unacceptable to acceptable. Whilst the rotor speed region below 70.9 % exhibits
an improvement, it is not enough to change the MMS value to an acceptable value.
It can be seen in Fig. 4.22d that the first in-plane mode is, partly or solely, dictating the MMS.
Therefore, the two modes which cause the unacceptable MMS values are the first in-plane and
first torsion modes; modes which can be seen in Fig. 4.22b to be insensitive to the compressive
loading. This indicates that modes which exhibit limited sensitivity to the compressive loading
may be the limiting factor for this resonance avoidance technique.
This optimisation is repeated for the other two test aircraft defined in Appendix C to assess
how compressive loading performs as a resonance avoidance technique for different aircraft. The
results of the optimisation for the Lynx are shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
(d) Mode(s) which dictate the value of MMS
Figure 4.23: Results of optimisation of all modes of Lynx blade. Grey shaded regions denote
the area between minimum and maximum loading. Green shaded regions denote ranges where
optimal compressive load is 0. Purple shaded regions denote ranges where optimal compressive
load is Pm. Red shaded regions denote ranges where the MMS is below an acceptable level.
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Similarly to the optimisation of the MBB, the optimal loading profile shown in Fig. 4.23a
largely exhibits balanced modal separation with a significant number of abrupt changes.
The MMS also exhibits significant improvements across a wide range of rotor speeds. Al-
though the compressive loading is unable to allow as large a proportion of the desired rotor
speed range as the MBB, it offers a significant improvement of the available rotor speed range
from the unloaded case.
Fig. 4.23d shows that, similar to the MBB, the rotor speed ranges that exhibit an unacceptable
MMS value are dominated by either the first torsional mode or the first in-plane mode. These
modes can be seen in Fig. 4.23b to exhibit a similar insensitivity to compressive loading which
is the likely cause of the low value of MMS.
The results of the optimisation for the AW101 are shown below.
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(a) Optimal loading profile
(b) Fan diagram
(c) Modal separation
(d) Mode(s) which dictate the value of MMS
Figure 4.24: Results of optimisation of all modes of AW101 blade. Grey shaded regions denote
the area between minimum and maximum loading. Green shaded regions denote ranges where
optimal compressive load is 0. Purple shaded regions denote ranges where optimal compressive
load is Pm. Red shaded regions denote ranges where the MMS is below an acceptable level.
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Similarly to the optimisation of the MBB, the optimal loading profile shown in Fig. 4.24a
exhibits significant amounts balanced modal separation and abrupt changes in compressive
load.
The MMS also exhibits improvements across a range of rotor speeds. Although the compres-
sive loading is unable to allow as large an amount of the desired rotor speed range as the MBB
or Lynx, it offers a significant improvement of the available rotor speed range from the unloaded
case.
Fig. 4.24d shows that, similar to the MBB and Lynx, the rotor speed ranges that exhibit an
unacceptable MMS value are dominated by either the first torsional mode or the first in-plane
mode. These modes can be seen in Fig. 4.24b to exhibit a similar insensitivity to compressive
loading which is the likely cause of the low value of MMS.
A comparison of the fraction of the desired rotor speed range that is available for the unloaded
and optimally loaded cases are shown below for each aircraft.
Table 4.5: Summary of rotor speed range improvements due to optimal compressive loading
Aircraft MBB Bo105 Westland Lynx Westland AW101
Unloaded Optimal Unloaded Optimal Unloaded Optimal
Operable range
[% of desired]
24.3 67.5 1.5 39.5 1.5 14.0
Largest resonant range
[% of desired]
54.3 27.3 98.5 54.3 98.5 86.0
Lowest operable speed
[% of nominal]
81.7 70.9 99.4 81.7 60 60
It can be seen in Table 4.5 that although none of the aircraft tested are able to achieve the
full range of desired rotor speed, the amount of the rotor speed can be used has increased signif-
icantly for each of the test aircraft. Furthermore, it can be seen that the largest resonant range
and the lowest operable rotor speed has improved, where possible, for each aircraft. Therefore,
if any of the above aircraft were to utilise a variable rotor speed, the range of rotor speeds that
can be utilised and the difference between the lowest and highest speed would be improved.
Additionally, if the rotor were to have to cross a resonant region to operate in a different region
with an acceptable MMS then crossing this resonant region quickly such that there is minimal
time for damaging vibratory loads to accumulate is imperative. In this case, the significant re-
duction of the size of the largest resonant rotor speed range will improve the speed with which
this region can be crossed.
Finally, whilst the desired rotor speed range was a 40 % reduction, it should be noted that
other studies looking at the performance benefits have found that reductions of 10 % to 20 %
achieved significant performance improvements [16, 25, 11]. Therefore, even if some regions of




If the use of compressive loading to avoid resonance is to be improved to yield results even
greater than that already demonstrated, then the avoidance of the resonances involving the
modes that exhibit a low sensitivity to the compressive loading should be targeted as these
modes are the modes limiting further improvements of the MMS for each aircraft tested. There
are several potential options to consider:
1. The first in-plane and out-of-plane modes only interacts with 1/rev harmonic. Therefore, if
it were possible to alter the stiffness or mass stiffness distributions of the blade to reduce
this frequency there would be an increase in separation from the first in-plane mode across
a wide range of rotor speeds. This would not be possible for the first torsional mode as it
interacts with multiple harmonics both above and below it.
2. As seen in Figs. 4.22c, 4.23c and 4.24c, none of the aircraft are able to utilise much, if
any, of the rotor speed range between 60 % and 70 % of the nominal. Therefore, it may be
beneficial to target only a 30 % reduction in rotor speed as this would increase the critical
buckling load and allow for a larger maximum compressive load to be employed.
3. It can be seen in Figs. 4.22b, 4.23b and 4.24b that these modes exhibit minimal sensitivity
to changes in rotor speed. Therefore, it may be feasible to deploy more traditional pas-
sive resonance avoidance techniques as described in Section 1.3.1. For most rotorcraft, it
is already commonplace to have an in-plane damper installed to avoid ground resonance
for the first in-plane mode. It may be possible to deploy a torsional pendulum absorber to
avoid resonances associated with the first torsional mode that would be effective across a
range of rotor speeds [78]. The nature of this mode to be insensitive to centrifugal forces
and therefore compressive loading makes it well suited for suppression using passive ab-
sorbers.
It has successfully been shown that the range of rotor speeds that exhibit an unacceptable
amount of separation from their nearest rotor harmonic can be improved significantly with the
use of an applied compressive load. Without exceeding 75 % of the most conservative buckling
load, the fraction of the desirable rotor speed range that could be utilised increased by 43.3 %,
38.0 % and 12.5 % for the Bo105, Lynx and AW101, respectively. The most significant limitation
of the method is the insensitivity of the first in-plane mode and first torsional mode to compres-
sive loading.
4.4 Chapter Summary
This chapter expanded on the core concept of compressive loading based resonance avoidance as
introduced in Chapter 3. An assessment of the in-vacuo resonant interactions present in rotors
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and the potential for these to be avoided using compressive loading was then made.
To more accurately reflect the behaviours exhibited by rotor blades, the model was expanded
to account for the additional phenomena of twist and non-coincident mass and elastic axes as
well as torsional motion. The Boundary Value Problem (BVP) model is based upon a set of
coupled PDEs with an associated set of coupled boundary conditions.
To demonstrate that the additional features have been correctly captured, a series of verifi-
cation and validation studies were performed. Firstly, the natural frequencies and mode shapes
calculated by the model were compared with those from a set of independently performed stud-
ies using the same PDEs that also captured the effects of twist, non-coincident mass and elastic
axes and torsional motion. These studies showed good correlation which gives confidence in the
implementation of the underlying beam model. Secondly, a FE model of a beam with twist and
non-coincident mass and elastic axes and an applied compressive load was developed. The natu-
ral frequencies and mode shapes calculated by the FE model across a range of rotor speeds and
compressive loading values were subsequently compared to those calculated using the present
BVP model. The agreement between these sets of results was also good which further suggested
that the underlying beam model, and its ability to capture the effects of compressive loading,
were correctly implemented.
A study of these additional phenomena was performed to identify their effects on rotor blade
dynamics. It was revealed that the inclusion of twist introduces significant coupling between
the in-plane and out-of-plane motions across a wide range of rotor speeds. Conversely, the inclu-
sion of non-coincident mass and elastic axes introduced coupling between the out-of-plane and
torsional motions but these effects are only observed over a much smaller range of rotor speeds.
Once the effects of the additional phenomena were investigated, the resonant behaviour of
rotor blades without a compressive loading based resonance avoidance technique was assessed.
The natural frequencies of the first seven modes across a range of rotor speeds were calculated
without any applied compressive loads. The separation of these modes from their nearest har-
monic was calculated with the minimum of these values dictating the presence of resonance. It
was observed that as the higher modes start further from this asymptotic limit, they will cross
motor rotor harmonic which will result in more resonant interactions. Conversely, the lower
modes will encounter fewer interactions but each interaction will influence a wider range of
rotor speeds that a resonant interaction of the higher modes.
Once the baseline resonances had been assessed, the capability of compressive loading to
alter the natural frequencies of the blade and avoid resonance was assessed. The maximum
compressive load considered was 75 % of the critical buckling load, as used in Chapter 3. It was
shown that for each of the aircraft significant improvements in the separation between natural
frequencies and rotor harmonics was achieved. This increased the range of rotor speeds that
was safe to operate in for each aircraft. The acceptable fraction of the desired rotor speed range
for the Bo105 increased from 24.3 % to 67.5 %. The acceptable fraction of the desired rotor speed
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range for the Lynx increased from 1.5 % to 39.5 %. The acceptable fraction of the desired rotor
speed range for the AW101 increased from 1.5 % to 14.0 %.
Further to the demonstration of the ability of compressive loading to alter the natural frequen-
cies of rotor blades in Chapter 3, it has successfully been shown that the resonances observed
in realistic rotor blades can be avoided using compressive loading. In the following chapter, the
implications of aerodynamic loading shall be considered and their impact on the proposed reso-











RESONANCE AVOIDANCE OF ROTOR BLADES IN HOVER
In the previous chapter, Chapter 4, the effect of compressive loading on the in-plane, out-of-
plane and torsional dynamic properties of a rotating twisted blade with non-coincident mass
and elastic axis was investigated. This chapter shall incorporate axial deformation, hovering
aerodynamics and geometric nonlinearities to further improve the realism of the model and en-
hance its ability to investigate the effectiveness of the compressive loading concept. Once these
additional features have been incorporated into the model, a range of validation tests are per-
formed to verify the implementation of the model and validate its ability to accurately capture
the new features. Subsequently, a case study is used to determine the increase in rotor speed
range that can be operated in without encountering resonance, using a compressive loading
based resonance avoidance technique.
5.1 Aeroelastic bending-bending-twist model
To investigate the additional effects of geometric nonlinearities and aerodynamic loading in
hover, a new sub-model is developed. This model is based on the Partial Differential Equations
(PDEs) developed by Hodges and Dowell [138]. These equations are an extension of those used
in the previous chapter and capture geometric nonlinearities ensuring their validity up to mod-
erate deflections. Additionally, they allow the incorporation of an aerodynamic model. The aero-
dynamic model chosen for the present work is that of Greenberg [139] which is an extension of
the work completed by Theodorsen [170], resulting in an unsteady aerodynamic model of an os-
cillating rotor blade in hover. The inclusion of aerodynamic loading and geometric nonlinearities
will increase the realism with which model represents a real-world rotor blade.
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5.1.1 Linearisation procedure
To solve the upcoming nonlinear PDEs, a linearisation procedure is required. The chosen pro-
cedure uses small perturbation theory and is identical to that used in [171, 131] to linearise
similar equations for the purpose of aeroelastic analysis of high aspect ratio wings and rotor
blades. This process has been seen to correlate well with nonlinear models when investigating
rotorcraft vibratory loads [172]. This process is performed by using an assumed solution that
takes the form of a static time-invariant deformation combined with a small harmonic oscilla-






This form allows the problem to be separated into two distinct Boundary Value Problem
(BVP)s; one for the static deformation of the blade and one for the small oscillations about
that deformation. However, it is acknowledged that due to the assumption of an identical period
for the harmonic motion across each of the deformations, it would not be possible to capture
nonlinearities of different periods. A linearisation of the upcoming field equations and bound-
ary conditions is performed to provide the separate field equations and boundary conditions for
each BVP. Terms which are constant with respect to time are gathered to form a set of ordinary
differential equations and boundary conditions which represent the static deformation of the
blade.
Terms which are linear with respect to the time-dependent part of the assumed solution are
gathered to form a set of partial differential equations that represent the small harmonic motion
of the blade about the static deformation. The principle of separation of variables is employed to
split the spatial and temporal components of the solution. The est terms are dropped, resulting
in a BVP defined solely on the spatial domain.
5.1.2 Field equations
Unlike the field equations used in Chapters 3 and 4, the present field equations contain two
components: the structural equations of motion and the aerodynamic loading model. The two
components are combined to create a single set of tightly coupled field equations which avoid the
use of an iterative procedure to ensure a coherent structural and aerodynamic response. This
will avoid the computational expense and inaccuracies that are often associated with loosely
coupled aero-structural models solved using an iterative procedure.
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5.1.2.1 Structural model
The equations of motion that represent the motion of the blade within the domain are a set
of four nonlinear non-homogenous coupled PDEs; one for each of the four motions to be cap-
tured. Each of the four PDEs contains four states, u∗, v∗, w∗, and φ∗, and is a function of one
spatial domain, x and one temporal domain, t. It was shown in Section 4.3.1 that the effect of
the non-coincident mass and elastic axes on the natural frequencies and their sensitivity to ro-
tor speeds and compressive loading was relatively minor, particularly in comparison to that of
twist. Therefore, in addition to the terms removed in Section 4.1.2, terms pertaining to e, eA are
also removed to improve the ease with which the implications of the aerodynamic loads and ge-
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There are several underlined terms present in these equations. A number of these have been
underlined to highlight their presence but it should be noted that any term where multiple
states are multiplied together will contribute to the nonlinear nature of these equations. It is
due to the presence of these terms that the linearisation procedure described in Section 5.1.1 is
required. An example of how this procedure works is shown below.
v′′∗w
′′
∗ = v′′0w′′0 +v′′0w′′est +v′′estw′′0 +v′′w′′e2st (5.4)
It can be seen that, due to the assumed solution form shown in Eq. (5.1), the nonlinear term
can be separated into four different terms. The first term is a nonlinear term containing only
states pertaining to the static deformation. These terms are gathered to form the statics BVP
which retains the nonlinear characteristic of the original equation. The next two terms (singly
underlined) are linearly dependent on the oscillatory term est and the static state. These terms
are gathered to form the linear dynamics BVP. The presence of the static states in these terms
represents the influence that the static deformation will impart on the dynamic behaviour. The
remaining term (doubly underlined) is a product of two of the oscillatory perturbations. The
other oscillatory terms are assumed to be small with respect to the static terms, so their product
is considered negligible and is therefore omitted from the model.
There is no requirement to modify these equations to account for the compressive load. As
this load is applied at the tip, it is therefore incorporated via the boundary conditions. As the
structural equations of motion account for axial loads and deformations, they are capable of
capturing the propagation of the compressive load in their original form.
In the original derivation, Lx, L y, Lz, Mφ are generalised non-conservative forces and mo-
ments but for the purpose of this model they are to be used to incorporate the aerodynamic
loading into the field equations [3].
5.1.2.2 Aerodynamic model
Aerodynamic loads are the dominating source of rotor blade forcing and therefore an important
component of any models of the structural behaviour of a rotor blade. Due to this, a wealth of
different strip theories and inflow models have been created for rotor blade aeroelastic analysis
of rotor blades [173, 174].
Reduced frequency is a dimensionless value for frequency which is used to evaluate aerody-
namic unsteadiness. At low reduced frequencies it is applicable to use a quasi-steady assump-
tion: the aerodynamic characteristics and the flow velocity vector of an aerofoil whose motion
consists of variable linear and angular motions, are assumed equal to that of an aerofoil with
constant motions [175]. However, for motions in an unsteady flow with higher reduced frequen-
cies (above 0.05 [176]), the quasi-steady assumption cannot be used as apparent mass forces, not
associated with the creation of vorticity, become significant [175].
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As a quasi-steady model would not be suitable for the present work, an unsteady model is
chosen instead. Greenberg [139] extended the method of Theodorsen [170] using a nonstation-
ary incompressible potential flow based theory to investigate the effects of sinusoidal in-plane,
out-of-plane and torsional motion of an aerofoil in a pulsating airflow. This research was di-
rectly intended for the use in the aeroelastic analysis of rotors to help mitigate the effects of
inaccuracies caused by the complex flowfield that rotors create which has ensured its relevance
in research to the present day [177, 178]. This makes it an ideal basis for the required aerody-
namic model. This two-dimensional unsteady blade element model is used to calculate a set of
distributed forces in- and out-of- the plane of rotation and a distributed torsional moment about
the elastic axis of the blade. The unsteady circulatory and non-circulatory forces and moments
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(5.5)
It is not possible to obtain an analytical solution for the Wagner function. However, an accu-








The original equations [139] do not account for an inflow velocity. Therefore, the original equa-
tions have been extended (similarly to [3]) to include an inflow velocity by substituting the terms
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ẇ∗C(k) and ẇ∗ with the terms ẇ∗C(k)+ vin and ẇ∗+ vin, respectively, see underlined terms in
Eq. (5.5). The inflow velocity is assumed to be steady, constant along the span and equal to













These circulatory and non-circulatory forces and moments are derived for an inviscid flow





(vin + ẇ∗)2 + (Ωx+ v̇∗)2
)
cCd0 (5.8)
The non-circulatory aerodynamic force is calculated as the integral of the pressure perpendic-
ular to the chordline of the aerofoil, which is inclined to the plane of rotation by the local twist
and torsional deformation. Therefore, this force needs to be decomposed into components in the
undeformed coordinate axes, x,y,z. Similarly, the circulatory aerodynamic force and drag force
are perpendicular to the local freestream flow, which is inclined to the plane of rotation due to
the out-of-plane motion of the blade and the inflow velocity. Therefore, these forces also needs to
be decomposed into components in the undeformed coordinate axes. These decompositions are
performed according to Fig. 5.1 by the following geometric transformation which is similar to





θ +  ϕ∗ 
Ωx + v∗ሶ  












Figure 5.1: Decomposition of aerodynamic loads into undeformed axes.
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Lx = 0
L y =−LNC sin(θ+φ∗)−LC sin(αin)−D cos(αin)
Lz = LNC cos(θ+φ∗)+LC cos(αin)−D sin(αin)
Mφ = MNC +MC
(5.9)
with
sin(αin)= (vin + ẇ∗)√
(vin + ẇ∗)2 + (Ωx+ v̇∗)2
cos(αin)= (Ωx+ v̇∗)√
(vin + ẇ∗)2 + (Ωx+ v̇∗)2
(5.10)
Eq. (5.10) are accommodated in the linearisation procedure using a Taylor series expansion
representation up to the second term; higher-order terms are neglected as they would not be
retained in either BVP.
Defining the aerodynamic loading in this form allows Eq. (5.9) to be substituted directly in to
Eq. (5.2) forming a single set of coupled aeroelastic field equations.
5.1.3 Compressive load
As was concluded in Section 3.1.1 and used in Chapter 4, a point force applied on the elastic axis
at the tip of the blade directed towards the root is the model of the compressive load to be used
throughout this research. The force, as shown in Fig. 5.2, is again decomposed into components





































Figure 5.2: Schematic of compressive force decomposition
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The geometry of the beam is again used to calculate the component of the applied force in each
direction, including the newly incorporated axial deformation, as shown below in Eq. (5.11).
Px = P R+u∗(R)−R0√
(R+u∗(R)−R0)2 +v∗(R)2 +w∗(R)2
Py = P v∗(R)√
(R+u∗(R)−R0)2 +v∗(R)2 +w∗(R)2
Pz = P w∗(R)√
(R+u∗(R)−R0)2 +v∗(R)2 +w∗(R)2
(5.11)
To allow these loads to be incorporated into the field equations and boundary conditions, it is
necessary to linearise these loads. This is performed using a Taylor series expansion about u0,
v0 and w0 up to the second term. The results of which are shown in Eq. (5.12).
Px = P(R−R0 +u0)(
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The resulting terms define the applied loads in the x,y,z axes. It can be seen that the first
term in each is time-variant and will therefore reside in the BVP for the static deformation. The
remaining terms are linearly proportional to est and will therefore appear in the BVP pertaining
to the oscillatory perturbations about the statically deformed shape. It can be seen that these
terms are functions of the statically deformed shape which indicates that the coupling between
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the static deformation and oscillatory motion will be coupled by the compressive load in addition
to the aerodynamic loading.
5.1.4 Boundary conditions
Similarly to the model and experiment in Chapters 3 and 4, cantilevered boundary conditions
are enforced to replicate the hub configuration of a bearingless rotor. The field equations for
the beam consist of two second-order and two fourth-order equations which necessitate twelve
boundary conditions to ensure the problem is properly posed. Half of these conditions will en-
force a fixed root and the other half shall enforce a free tip, subject to the augmentation due to
the applied compressive load.
The fixed boundary condition at the root consists of constraining the displacements and angles








The free boundary conditions at the tip for a traditional cantilevered beam consists of con-
straining forces and moments at the elastic centre to zero. However, due to the application of
the applied compressive load at the elastic centre of the tip, the force and moment equilibria are
enforced as a balance of internal loads within the beam and the externally applied compressive
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It can be seen that the force equilibria are in the undeformed x,y,z axes that remain un-
changed by deformation of the blade. Conversely the moment equilibria are in the deformed
x,y,z axes (denoted as x′,y′,z′) that follow the deformation of the blade. As the three force equi-
libria and the three moment equilibria are independent of one another, it is possible to evaluate
them about different coordinate frames as long as each coordinate frame is consistently orthog-
onal. These different coordinate frames were chosen to remain consistent with the boundary
conditions stated in [138]. As the applied compressive load is also located at the elastic centre,
there is no moment created. The calculation of the internal loads are adopted directly from [138]




























Fy =−M′y′ sin(θ+φ)−M′z′ cos(θ+φ)+Fxv′∗
Fz = M′y′ cos(θ+φ)−M′z′ sin(θ+φ)+Fxw′∗
(5.15)
These equations are subject to the same assumed motion as defined in Section 5.1.1 and are
linearised using the same procedure exemplified in Eq. (5.4).
5.1.5 Reduced statics
To allow for comparison with the model utilised in Chapter 4 and to be able to isolate the sepa-
rate effects of the static deformation and aerodynamic loading, a separate simplified version of
the present model, herein referred to as the reduced statics model, is created. The simplification
consists of enforcing zero in-plane, out-of-plane and torsional static deformation and an ana-
lytically derived prescribed value for axial deformation that captures the effects of centrifugal















The analytical calculation of axial static deformation is derived by using the static form of
Eq. (5.2c) to calculate the internal tension of the blade due to centrifugal loading, augment-
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ing this with the applied compressive load and formulating the result in terms of static axial
deformation according to Eq. (5.3).
5.2 Model validation
To ensure that the model has been developed and implemented correctly, a set of complementary
verification studies are performed. Firstly, a model comparison study is performed to demon-
strate the capability of the model to correctly capture the effects of rotation, compressive loading,
and inter-motion coupling. Secondly, results from an existing aeroelastic study of rotor blades
are replicated to demonstrate the model’s ability to capture coupled aero-structural effects.
5.2.1 In-vacuo verification
The in-vacuo model of a pretwisted rotor blade with an applied compressive load, based on the
linear equations of motion derived by Houbolt and Brooks [137], was successfully verified and
validated using a combination of experimental data and finite element simulations in Chapter 4.
This model will be used as an in-vacuo reference model herein.
Results from the model described in Section 5.1 are compared to results from the in-vacuo
reference to verify the ability of the current model to capture the effects of rotation, compressive
loading, and the coupling of the in-plane, out-of-plane and torsional motions due to twist.
To facilitate this comparison, the ability of the present model to capture aerodynamic loads
and static deformations is removed to bring the present model in line with the in-vacuo reference
model with which it is to be compared. This is accomplished by using the reduced statics version
of the model and enforcing zero aerodynamic loading.
Lx = L y = Lz = Mφ = 0 (5.17)
The rotor blade considered for this comparison is a bearingless blade with properties and
operating conditions similar to that of the Bo105 defined in Appendix C. A lower limit of 60 %
of the nominal rotor speed is again used to replicate the 40 % reduction observed in the A160T
Hummingbird [28]. To ensure that a buckling instability is not induced by the compressive
loading, the compressive loading shall not exceed the maximum allowable load calculated in
Section 4.3.3.
The present model and the in-vacuo reference model are used to calculate the natural frequen-
cies of the first torsion, first two in-plane modes and first four out-of-plane modes across a range
of rotor speeds. This calculation is performed for an unloaded case and a maximally loaded case.
For each of these cases, the natural frequencies calculated by both models are compared and the
errors between the two models are calculated, as seen in Fig. 5.3.
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(a) Unloaded Rotor: Fan Diagram
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(b) Loaded Rotor: Fan Diagram
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(c) Unloaded Rotor: Errors
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(d) Loaded Rotor: Errors
Figure 5.3: Comparison of in-vacuo fan diagrams for a rotor blade with, and without compressive
loading, calculated using the present model with the in-vacuo reference
It can be seen in Fig. 5.3 that the agreement between the two models is very good. This level
of agreement is maintained even near regions where coupling between the modes significantly
influences the frequencies, namely O1 with I1 and O3 with I2. The errors for both the loaded
and unloaded cases are all smaller than 0.12 % with the majority smaller than 0.03 %. Despite
the use of the reduced statics model, there are still some differences between the models which
are likely the cause of the small discrepancies observed: the present model captures the effects
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of oscillatory axial extension and Coriolis forces which are not present in the in-vacuo reference
model. The correlation between the two models demonstrates the capability of the present model
to capture the effects of rotation, compressive loading and inter-motion coupling.
5.2.2 Aeroelastic verification
To ensure that aeroelastic elements of the model have been correctly implemented, the present
model is compared with the model developed by Hodges and Ormiston [3]. The properties of the
untwisted blade used for this comparison study correspond to those used in the reference work
and are presented in Table 5.1. Two cases are used for this verification: one using a torsionally
soft blade (λT1/Ω= 5); and one using a torsionally stiff blade (λT1/Ω= 8).
Table 5.1: Blade properties and operating conditions for verification case
Property Value Property Value Property Value
(kA/km)2 1.5 Nb 4 λT1/Ω 5 , 8
km/R 0.025 C(k) 1 λI1/Ω 0.7
km1/kkm2 0 Cl,α 2π λO1/Ω 1.15





Firstly, torsional, in-plane and out-of-plane static deformations at the blade tip are calculated
for a range of blade pitch angles to assess the static aeroelastic capabilities of the present model.
The results of these analyses are presented in Fig. 5.4 for the torsionally soft case for which
equivalent analyses were presented in [3].
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Figure 5.4: Comparison of static deformation of the blade tip calculated using the present model
with the aeroelastic reference [3].
It can be seen that there is good agreement between the two sets of results. The most im-
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portant difference is likely to be the discrepancy in the torsional deformation. The results from
the present model feature increased negative (nose down) blade twist at the tip when compared
with the results of the aeroelastic reference model. This discrepancy results in a reduction of
the aerodynamic loads, most notably lift. The reduction of these loads is a likely cause of the
under-predicted in-plane and out-of-plane deflections. Similar under-prediction of in-plane and
out-of-plane deflections was also observed in [131] during a similar validation study using a
different modelling approach.
Once the static deformations had been calculated, the natural frequencies for the modes pre-
sented in [3] - first torsional (T1), out-of-plane (O1) and in-plane (I1) - are calculated for a range
of blade pitch angles to assess the dynamic aeroelastic performance of the present model. The
results of these analyses are presented in Fig. 5.5 for both the torsionally soft and torsionally
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Figure 5.5: Comparison of eigenvalues from the present model with the aeroelastic reference [3].
Radial lines denote constant damping ratio increments of 2 %. Circular lines denote constant
undamped natural frequency.
Again, it can be seen that the agreement between the two sets of results is acceptable. The
modal loci exhibit similar magnitudes and trends between the two different models. To quantify
the errors, the undamped natural frequencies and damping ratios are calculated for blade pitch
152
5.2. MODEL VALIDATION


































































































(d) Torsionally Stiff: Damping Ratio Errors
Figure 5.6: Natural frequency and damping ratio errors at minimum and maximum blade pitch
angle
It can be seen that the errors in frequency shown in Figs. 5.6a and 5.6b are all smaller than
2 % which confirms the correlation between the models. Additionally, it can be seen that the sign
and magnitude of these errors are reasonably consistent between different blade pitch angles
and torsional stiffnesses. The error in the damping ratio values shown in Figs. 5.6c and 5.6d are
also low, all near to or smaller than 5 %. It can also be seen that a similar observation can be
made about the consistency of the sign and magnitude of the errors.
There are several differences between the models which are the likely sources of the discrep-
ancies observed.
The trigonometric terms in the aerodynamic model are treated differently in each of the mod-
els. In the present work the denominator of Eq. (5.10) is the total aerodynamic velocity whereas
in [3] this is assumed to be approximately equal to the horizontal component, (Ωx+ v̇∗). This
results in several extra terms occurring in the present model which, while comparatively small,
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will alter the observed aerodynamic loading.
In the aeroelastic reference model [3], the solutions are obtained using a two-stage Galerkin
method. Initially, a subset of six uncoupled, non-rotating mode shapes are used to calculate
the static equilibrium and perform an in-vacuo free-vibration analysis to calculate the coupled,
rotating mode shapes. The coupled-rotating mode shapes are then used to calculate the frequen-
cies of the dynamic perturbations about the static deformations. In contrast, the present model
uses a collocation method which uses local cubic polynomials between collocation points to de-
fine candidate solutions. The mesh of collocation points and the polynomials are refined until
specified convergence criteria within the solution domain are met.
Additionally, the aforementioned differences may compound errors in the natural frequency
comparisons. Any errors in the static deformation caused by these differences will propagate
into the dynamic analyses via the geometric nonlinearities and by altering the aerodynamic
loads.
Overall, the agreement in the in-vacuo and aeroelastic validation is more than sufficient.
It gives confidence that the model has been developed and implemented correctly and is able
to capture the effects of compressive and aerodynamic loading on the natural frequencies of
pretwisted rotor blades.
5.3 Aeroelastic case study
With the development and validation of a model that includes geometric nonlinearities and
aerodynamic loading in hover, the fidelity of the model has been extended beyond that presented
in Chapter 4. Herein, the effects and significance of the additional capabilities of the model
described in Section 5.1 to those of the model used in the previous chapter, Chapter 4, shall
be assessed. A subsequent case study shall be performed to assess the resonance avoidance
capability of compressive loading for a set of test aircraft described in Appendix C.
5.3.1 Implications of aerodynamic loading in hover on the dynamic
properties of a rotor blade
The results presented herein were presented, in part, in [181] and are in preparation to be
submitted as a peer-reviewed journal publication.
It is expected that there will be two main impacts of geometric nonlinearities and aerody-
namic loading introduced into the model. Firstly, is the direct impact that the time-dependent
aerodynamic loads will have on the rotor blade’s dynamic properties. Secondly, is the impact
that the static time-invariant deformations, that are caused by the time-invariant aerodynamic
loads, will have on the dynamic properties of the blade. It has already been observed that the
dynamic properties of fixed wings with a high aspect ratio may undergo significant change with
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wing deformation [182] and it is expected that this behaviour will also be influential in rotor
blades.
To investigate these behaviours, a case study using three different test configurations is per-
formed. The first configuration, referred to as untwisted, uses the reduced statics version of the
model, as detailed in Section 5.1.5, and a version of the blade with twist removed. These modi-
fications remove the structural coupling and ensure that the only interaction between different
modes is via the aerodynamic loading. The second configuration, referred to as twisted, uses the
reduced statics version of the model but reintroduces twist and therefore structural coupling.
The final configuration, referred to as full, uses the full version of the model and retains the
twist from the previous configuration. This configuration will introduce the effects of the static
deformation into the model. The collective pitch for the twisted and full configurations, is again
defined as the maximum value the aircraft is capable of [122], to accentuate its influence and
retain equivalence to the studies performed in Section 4.3. A summary of these configurations
can be found in Table 5.2.
Table 5.2: Case Study configurations
Configuration Untwisted Twisted Full
Root pitch, θ(R0) [rad] 0.140 0.262 0.262
Linear twist, δ [rad] 0 −0.140 −0.140
Model fidelity Reduced Statics Reduced Statics Full
The aerodynamic parameters defined below are common across each of the aforementioned
configurations. The air density is set to the value observed at an altitude of 3000 m [122]; an
altitude which will represent a more realistic operating condition and is below the service ceiling
for this aircraft.
Table 5.3: Aerodynamic properties for each configuration.
Property Value
Lift coefficient slope, Cl,α [rad−1] 2π
Parasitic drag coefficient, Cd0 [] 0.01
Air density, ρ∞ [kg/m3] 0.895
The rotor blade considered is again the MBB, as defined in Appendix C, and a lower limit
of 60 % of the nominal rotor speed is again used to replicate the reduction of the A160T Hum-
mingbird [28]. Firstly, the critical buckling load is calculated for each model configuration and
subsequently used to determine the allowable upper limit of the compressive load. Secondly, the
natural frequencies and damping ratios of the blade are investigated across a range of operating
conditions to understand the influences of rotor speed and compressive loading across the range
of modes assessed.
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The maximum compressive load to be applied is again calculated as 75 % of the critical buck-
ling load as calculated in-vacuo at the lowest rotor speed, 60 % of the nominal. The progression
of the first three modes as the critical load is approached is shown below in Fig. 5.7.
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Figure 5.7: Natural frequencies of the lower three modes under compressive loading up to the
buckling load.
For the untwisted and twisted configurations, the mode which leads to buckling is initially the
second out-of-plane mode. However, as the compressive loading is applied, the natural frequency
of this mode reduces and veers with the other two modes. The cause of this behaviour is likely
to be the orientation of the applied load. The first in-plane and out-of-plane modes exhibit very
low levels of sensitivity to the compressive loading. Consequently, the buckling mode becomes
the next lowest mode, the second out-of-plane mode. The most notable difference between these
two configurations is the proximity of the lower two frequencies in the untwisted configuration
which is not present in the twisted one, due to the coupling introduced by the twist. Conversely,
the full configuration behaves very differently. The inclusion of the static deformations caused
by the aerodynamic forces changes the orientation of the applied load; resulting in the buckling
mode no longer being the second out-of-plane mode but the first out-of-plane mode. The final
buckling loads, and corresponding maximum allowable loads, are summarised below where it
can be seen that the different buckling mode of the full configuration results in a lower critical
and maximum load.
Table 5.4: Compressive loading limits
Configuration Untwisted Twisted Full
Critical compressive force, Pc [N] 21.33×103 21.33×103 18.44×103
Maximum compressive force, Pm [N] 16.00×103 16.00×103 13.83×103
156
5.3. AEROELASTIC CASE STUDY
Once the upper limit for the applied compressive load had been established, the undamped
natural frequencies and damping ratios for the first torsion (T1), first two in-plane (I1-I2) and
first four out-of-plane (O1-O4) modes across a range of rotor speeds and compressive loads.
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Figure 5.8: Aeroelastic properties across range of rotor speed and compressive loading for un-
twisted configuration
The trends in the undamped natural frequencies are similar to those observed in [153] and
Chapter 4. The torsional mode is insensitive to centrifugal and compressive loading. The funda-
mental in-plane and out-of-plane modes are also insensitive to compressive loading. The higher-
order out-of-plane modes are sensitive to the compressive loading, especially at the lower rotor
speed. The higher-order in-plane mode is more sensitive than the fundamental in-plane mode
but less sensitive than the higher-order out-of-plane modes. The similarity of these trends with
those observed in previous in-vacuo research [153] and Chapter 4 indicates that the inclusion of
aerodynamic loading does not fundamentally change the effects previously investigated.
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The inclusion of aerodynamic loading introduces aerodynamic damping which has previously
not been investigated in this work. Similarly to the trend of its natural frequency, the damping
ratio of the torsional mode (T1) is unaffected by compressive loading, however, it is increased
considerably by an increase in rotor speed. The lack of sensitivity of the natural frequency of
this mode to compressive loading may indicate that resonance involving the torsional mode may
be difficult to mitigate using compressive loading. However, the high damping ratio may result
in a low amplitude of response during resonance. On the contrary, the damping ratios of the in-
plane and out-of-plane modes exhibit considerable sensitivity. It can be seen that the damping
ratios of lower-order out-of-plane modes are significantly larger than higher-order modes which
is consistent with the previously observed values in [63]. A similar trend is observed in the in-
plane modes, however, their damping ratios are notably lower due to the relative differences in
the magnitude of the loads created in each direction by the oscillatory motion of the blade. In
the out-of-plane direction, the blade motion forms a relatively large component of the effective
angle of attack, as seen in Eq. (5.5), and therefore the out-of-plane aerodynamic force. In the
in-plane direction, the blade velocity due to oscillatory deformations is significantly smaller
than that due to the rotation of the blade which results in the in-plane aerodynamic force being
dominated by the blade rotation. It can be seen that as the compressive loading is applied,
the damping ratio increases. The application of the compressive load opposes the centrifugal
load and reduces the effective stiffness which in turn reduces the critical damping value and
therefore increases the damping ratio. This effect is more pronounced at the lower rotor speed
as the reduction in effective stiffness is more sensitive to the compressive load. For the unloaded
case, it can be observed that the damping ratios are higher at the higher rotor speed. This is due
to the increase in velocity which increases the magnitude of the loads that dictate aerodynamic
damping. However, as the compressive load is applied, the aforementioned higher sensitivity to
compressive loading at lower rotor speeds may result in a higher damping ratio, despite a slower
rotor speed, as seen in the second out-of-plane mode beyond 50 % of the maximum compressive
load.
Increasing damping ratio, in addition to increasing the separation between natural and exci-
tation frequencies, may be an additional means with which to reduce vibratory loads [68]. The
ability of compressive loading to effectively alter both of these properties increases its effective-
ness as a means for resonance avoidance.
Following the evaluation of the behaviour of the blade in the untwisted configuration, the
twisted configuration was analysed to assess the influence of including structural coupling via
twist. The aeroelastic properties of the blade in this configuration are shown in Fig. 5.9.
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Figure 5.9: Aeroelastic properties across range of rotor speed and compressive loading for twisted
configuration. Values for the untwisted configuration are shown in grey.
When comparing the behaviour of the aeroelastic properties of the blade in the untwisted and
the twisted configurations, it can be seen that the amount of change observed differs greatly
between modes. The second and fourth out-of-plane modes as well as the first torsional mode
exhibit no discernible difference from the untwisted configuration. This is because none of these
modes interact with any other mode for either the loaded or unloaded case, even with the in-
clusion of twist, as observed in Fig. 5.3. The first in-plane and out-of-plane modes exhibit a
minimal change in natural frequency but, when compared to the untwisted configuration, the
damping ratio of the first out-of-plane mode has reduced and the first in-plane mode has in-
creased which is likely due to the coupling between these modes. The aeroelastic properties of
the third out-of-plane mode and second in-plane mode are unchanged at the lower rotor speed
where no coupling is observed. However, at higher rotor speeds there is considerable coupling
between these modes, as observed in Fig. 5.3. The veering in the region results in a switching
of the natural frequencies and damping ratios. As the compressive load is increased the natu-
ral frequency of the third out-of-plane mode will reduce, moving towards the second in-plane
mode. The increased proximity of these modes to each other increases the coupling further and
the damping ratios of the two modes can be observed to converge. The inclusion of twist in this
configuration demonstrates that the presence of structural coupling influences both the natural
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frequencies and damping ratios of the modes that exhibit coupling.
Once the blade’s aeroelastic properties in the twisted configuration had been analysed, the
full configuration was investigated to assess the impacts of including the static deformations of
the blade. The calculated static deformation of the blade in the full configuration is compared to
the prescribed values used in the twisted configuration in Fig. 5.10.
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Figure 5.10: Steady state deformations of the blade tip with different statics models.
It can be seen that the drag and lift loads cause negative and positive steady-state deforma-
tions in the in-plane and out-of-plane directions, respectively. The application of a compressive
load reduces the effective stiffness of the blade which increases the magnitude of these deflec-
tions. Similarly to the analyses of the dynamic properties shown previously, the sensitivity of
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the steady-state deformations to the applied loading is larger at the slower rotor speed due to
the lower centrifugal loading.
For the torsional deformation, the centrifugal loading induces two effects: the trapeze ef-
fect [42] and the tennis racket effect [138]. The trapeze effect untwists the blade, giving a pos-
itive twist deformation, whereas the tennis racket effect induces a negative twist deformation.
As an applied compressive load is introduced, this opposes the centrifugal load causing an in-
crease in twist via the trapeze effect. Despite the influence of these effects, the deformations are
very small, contributing less than 0.4 % of the overall geometric angle of attack of the blade at
the tip.
Unlike the other motions, the axial direction has a non-zero prescribed value for the twisted
configuration. Due to the centrifugal loading, there is a positive axial extension at the tip which
is larger at the higher rotor speed. As a compressive load is applied this value reduces as the
blade is compressed. However, the reduction due to the compressive loading is significantly
smaller than the extension due to centrifugal forces which indicates that the centrifugal load
remains the dominant loading component in this direction. When considering the full configura-
tion, it should be noted that, in addition to the axial deformation due to centrifugal and applied
compressive loads, the phenomenon of geometric shortening at the tip of the blade due to in-
plane and out-of-plane deformation is captured. This effect results in an effective shortening of
the blade due to out of plane transversal deformation as exemplified below.
Observed shortening  
along x axis  
Figure 5.11: Example of geometric shortening.
Geometric shortening results in an axial deformation of the blade which offsets the axial
deformation from those values calculated analytically. For the lower rotor speed at high levels of
loading, it can be observed that the offset between the two configurations is not constant. This is
due to the increase in in-plane and out-of-plane deformation exacerbating the shortening effect.
At the higher rotor speeds, the deformations are changed much less and therefore have a smaller
impact on the shortening.
To evaluate the influence of the static deformations on the blade’s dynamics, the aeroelastic
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properties for the final study are calculated, as shown in Fig. 5.12. In the final configuration
considered for this study, the changes in the aeroelastic properties shall be contrasted with
those discussed for the twisted configuration to isolate and identify additional behaviour caused
















   
   
   
   
   
   
   
   
 
0 0.2 0.4 0.6 0.8 1





















 = 0.6 /
0
 = 1.0
0 0.2 0.4 0.6 0.8 1



























Figure 5.12: Aeroelastic properties across range of rotor speed and compressive loading for full
configuration. Values for the twisted configuration are shown in grey.
When considering the undamped natural frequencies in Fig. 5.12, it can be seen that there is
almost no discernible difference in the trends from the twisted configuration.
When considering the damping ratios, the trends are largely similar to the twisted configu-
ration. The inclusion of static deformation appears to have a negligible effect on the damping
ratios of the second, third and fourth out-of-plane modes, second in-plane mode and the first
torsional mode. Similarly to the inclusion of twist in the twisted configuration, the inclusion of
static deformation in the full configuration increases the damping ratio of the first in-plane mode
and reduces that of the first out-of-plane mode. This is likely to be due to the static deformation
further increasing the coupling between these modes which increases the convergence of their
damping ratios towards one another.
It can be concluded from this case study that the inclusion of aerodynamic loading alone does
not fundamentally change the behaviour of the undamped natural frequencies from that ob-
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served in Chapters 3 and 4. However, the inclusion of geometric nonlinearities and aerodynam-
ically induced static deformations does exacerbate the previously observed responses to applied
compressive loading.
Conversely, the aerodynamic damping has no parallel in Chapters 3 and 4 to be compared to.
Each of the modes observed exhibited a significant increase in damping ratio with an increase
in rotor speed due to the corresponding increase in local air velocity and subsequently aerody-
namic loads. Out-of-plane modes exhibit larger damping values than in-plane modes but both
orientations saw higher values in their lower modes than in their higher modes. As structural
coupling was introduced, the modes were observed to share damping values, as well as natural
frequencies, across regions of veering. The application of a compressive load tended to increase
the damping ratios. This is expected to be due to the reduction of the undamped natural fre-
quency, which lowers the critical damping value. As the natural frequencies of the out-of-plane
modes are most sensitive to compressive loading, they exhibited the most change. On the con-
trary, the torsional mode, whose natural frequency is almost unaffected by compressive loading
demonstrated a similarly negligible change in damping ratio with the application of a compres-
sive load.
5.3.2 In-air resonant behaviour in a blade without compression
As was demonstrated in Section 4.3.3, it is possible to use compressive loading to increase the
range of rotor speeds that exhibit an acceptable level of separation between the natural frequen-
cies of the rotor blade and its rotor harmonics significantly beyond the range observed for a rotor
blade without compressive loading. However, the use of separation between natural frequencies
and rotor harmonics does not account for the influence of damping. Herein the inclusion of aero-
dynamic loading will introduce aerodynamic damping into the behaviour of the blade. Therefore,
a new metric, which accounts for the changes in damping ratio as well as natural frequency that
were observed in Section 5.3.1, is developed. The metric is then used to assess the resonant in-
teractions of a rotor blade without compressive loading and evaluate the improvement available
through the use of an applied compressive load.
The proposed metric consists of integrating the area under the Frequency Response Function
(FRF) of the rotor blade to calculate a cumulative response to the prescribed range of frequen-
cies. This metric is similar to Power Spectral Density (PSD) which has been used historically to
compare and improve the dynamic performance of vibrating entities [183, 184, 185]. An example
of this metric, herein referred to as Cumulative Aeroelastic Response (CAR), is shown below to
demonstrate how it captures resonance and the ability to capture the avoidance of resonance
due to changing natural frequencies and damping ratios.
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Figure 5.13: Example of CAR for one region of interest.
As seen in Fig. 5.13, the case with low damping and a natural frequency that coincides with
the frequency region of interest has a large amount of area, indicating a large response to excita-
tion in this frequency region. However, if the natural frequency is reduced or the damping ratio
is increased, as seen in the other two configurations, this lowers the FRF value in the prescribed
region and subsequently lowers the area under the FRF.
For rotorcraft, the frequency regions that are of interest are those surrounding each of the
rotor harmonics to be evaluated. In the case where there are multiple regions to be evaluated,
these values shall be summed to give the cumulative area under the FRF for the specified re-
gions. An example of CAR being evaluated around the first three rotor harmonics is shown
below.
Figure 5.14: Example of CAR for multiple regions of interest.
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This type of metric has successfully been used on high aspect ratio fixed-wing aircraft to
optimise their aeroelastic response to a gust [186].
To enable to calculation of this metric, a few of alterations were made to the model and the al-
gorithmic procedure. Instead of using an eigenvalue solution to calculate the natural frequency,
a harmonic solution is obtained to evaluate the response shape of the blade to excitation across
the range of frequencies that are of interest. The excitation is provided by means of a constant
unit load (total load on the blade equalling 1 N or 1 Nm for transversal and torsional load re-
spectively). The choice of a constantly distributed force will avoid emphasising different sections
of the blade and ensure that all modes are sufficiently excited. These loads are implemented by
replacing Eq. (5.9) with the following.
Lx = 0
L y =−LNC sin(θ+φ∗)−LC sin(αin)−D cos(αin)+L y0est
Lz = LNC cos(θ+φ∗)+LC cos(αin)−D sin(αin)+Lz0est
Mφ = MNC +MC +Mφ0est
(5.19)
where
L y0 = Lz0 = Mφ0 = 1R−R0
(5.20)
The underlined term indicates the additional harmonic excitation load.
Once the response shape had been calculated, the combined response of the blade at its tip,
incorporating the in-plane and out-of-plane translation and torsional deformation, is used to
calculate the FRF as follows.
H =
√






u(R)2 +v(R)2 +w(R)2 + (µφ(R))2 (5.21)






As the exact numerical value of CAR lacks direct physical meaning, it shall be presented as a
deviation from the value at the nominal rotor speed without compressive loading, η(Ω,P)/η(Ω0,0).
As it can be assumed that the nominal operating conditions are safe to operate in, this value
shall be used as the upper acceptable limit of response.
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The algorithmic procedure remains similar to that detailed in Section 2.3.2.2, but with the
replacement of the eigenvalue analyses inside the nested loops, as seen below.
Start
Define range





















Figure 5.15: Process to calculate the response of the rotor blade for each value of rotor speed and
compressive load.
A nested loop of rotor speeds and compressive loads is used to ensure the full range of op-
erating conditions is investigated. Within these loops, a static analysis is used to calculate the
statically deformed shape of the blade at each operating condition. A harmonic analysis is then
performed across the prescribed range of frequencies (nΩ−∆s to nΩ+∆s) which are used to
evaluate Eq. (5.22).
This newly defined metric and algorithmic procedure shall be in a two-stage case study: firstly
to evaluate the baseline response of the aircraft, without any applied compressive loading, to a
variable rotor speed and secondly to investigate the improvements to the baseline response that
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is available through the use of an applied compressive load.
To evaluate the response of the aircraft without any applied compressive loading to a vari-
able rotor speed, the previously described analysis is performed to identify the resonances that
will be encountered. This analysis is performed for two of the three test aircraft defined in Ap-
pendix C: the Bo105 and the Lynx. The AW101 is excluded from the upcoming investigation
as it was observed in Chapter 4 that it exhibited an overly high fundamental in-plane natural
frequency. The rotor speed range remains between 60 % and 100 % of the nominal to replicate
the reduction observed in the A160T Hummingbird [28] and the studies previously performed
in Chapters 3 and 4. For these analyses, the aerodynamic properties remain identical to those
used in Section 5.3.1.
The resulting cumulative aeroelastic response, as defined by Eq. (5.22), for the first ten har-
monics of the Bo105 using ∆s = 0.25, is shown below alongside the damped natural frequencies
and damping ratios for the first seven modes.
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Figure 5.16: Aeroelastic response of Bo105 without compressive loading across a range of rotor
speeds.
It can be seen in Fig. 5.16b that at the nominal rotor speed, the total response (the sum of
contributions from each harmonic) is inherently exhibiting the limiting acceptable response. As
the rotor speed reduces, the total response increases beyond an acceptable level which would
inhibit the safe use of these rotor speeds in operation. There is a trend for the lower harmonics
to contribute a larger component of the overall total and it can be observed that the lowest three
harmonics, which are the most significant contributors to the total value, all exhibit an increase
in response as the rotor speed reduces.
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When considering the features of the total response, it can be seen that there are two peaks:
one broad peak that spans the majority of the rotor speed range and one narrow peak at 67 %
of the nominal rotor speed. When we consider the constituent harmonics that contribute to the
overall total, which are also shown in Fig. 5.16b, we can see that the broad peak corresponds
to the 1/rev harmonic and the narrow peak corresponds to the 6/rev harmonic. It can be seen
in Fig. 5.16a that the broad resonant peak is due to the interaction of the first in-plane mode
with the 1/rev harmonic that occurs at the slower rotor speeds. As the rotor speed increases
there is increased separation between the first in-plane mode and the 1/rev harmonic which
reduces the contribution of this harmonic to the overall total. The narrow peak at 67 % of the
nominal rotor speed is due to the interaction of the second in-plane mode and the 6/rev harmonic.
Despite the generally lower contribution of this harmonic to the overall total, it can be seen that
due to the very low damping ratio observed in Fig. 5.16c, the increase in the response is large.
While not obviously contributing to the overall total, it should be noted that there are two small
additional responses observed in the 5/rev harmonic at 76 % and 87 % of the nominal rotor speed.
Despite interacting with a similar harmonic to that of the narrow band, their damping ratios
are not as low which is the cause of the smaller magnitudes of their increase. The remaining six
interactions highlighted in Fig. 5.16a occur due to interaction of the fourth out-of-plane mode
and the first torsional mode. The fourth out-of-plane mode is interacting with all but the highest
harmonics and the first torsional mode has a very high damping ratio, hence these interactions
are not observed in Fig. 5.16b.
This analysis was also performed for the Lynx, as shown below.
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Figure 5.17: Aeroelastic response of Lynx without compressive loading across a range of rotor
speeds.
The behaviour observed in the Lynx is greatly similar to that observed in the Bo105 discussed
previously. The increase in the contributions of the 1/rev and 2/rev harmonic result in a total
response that is higher than the acceptable level for the entire rotor speed range. There is a
peak due to the interaction between the first in-plane mode and the 1/rev harmonic. However,
due to the damping ratio being higher than that observed in the Bo105, this peak is significantly
smaller. There is a peak in the 5/rev harmonic due to an interaction with the second in-plane
mode (labelled as the third in-plane mode but after veering, it will be the second in-plane) which
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is narrow due to the very low damping ratio. There is a small peak in the 6/rev harmonic due to
interactions with the second in-plane mode and third out-of-plane mode which occurs at a rotor
speed where these two modes are exhibiting veering which causes them both to have reasonably
low damping ratios. The interaction between the second out-of-plane mode and the 3/rev har-
monic observed in Fig. 5.17a is not present in Fig. 5.17b due to the high damping ratio that it
exhibits.
5.3.2.1 In-air resonant behaviour in a blade with compression
Before the compressive load can be used to improve the response of the blade, an upper limit
for the compressive load must be established. This is calculated as 75 % of the critical buckling
load which is defined as the load at which the lowest natural frequency reaches zero as is used
in Chapters 3 and 4 and Section 5.3.1. The critical buckling load is calculated at the lowest rotor
speed considered for this analysis to ensure the limit load is conservative. The evolution of the
lowest natural frequency with compressive load is shown below in Fig. 5.18 and the summary of
the compressive and limit loads are shown in Table 5.5 alongside the values from Chapter 4 for
reference.
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Figure 5.18: Natural frequencies of the lower three modes under compressive loading up to the
buckling load.
Table 5.5: Buckling and maximum allowable loads for each aircraft
Aircraft MBB Bo105 Westland Lynx
Critical compressive force from
Chapter 4, Pc [N]
21.15×103 24.27×103
Critical compressive force, Pc [N] 18.44×103 17.04×103
Maximum compressive force, Pm [N] 13.83×103 12.78×103
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It can be seen for each aircraft, that the critical buckling load is lower than that observed in
the previous chapter and that the mode which drives the buckling is no longer the third mode,
but the first. This change in behaviour is due to the inclusion of the static deformation due to
aerodynamic loading. As observed in Section 5.3.1, the inclusion of static deformation increases
the sensitivity of the lowest modes in each direction to compressive loading which causes them
to dictate the buckling load which is lower than that of the third mode. The reduction in limit
load may prove beneficial as it will reduce the power, size and mass requirements of a potential
actuation method used to implement a compressive loading based resonance avoidance tech-
nique.
Once the maximum compressive load has been established, the CAR can be calculated across
the full range of rotor speeds from 60 % to 100 % of the nominal and up to the maximum compres-
sive load allowable. From this set of results, the compressive load which results in the minimum
CAR is obtained as the optimal compressive loading profile. The resulting aeroelastic response
for each aircraft is shown below alongside the reference unloaded case.
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Figure 5.19: Baseline and optimised aeroelastic response of each aircraft across a range of rotor
speeds, akin to Total value in Fig. 5.17.
It can be seen in Fig. 5.19 that the unloaded cases for both aircraft perform poorly. The CAR
are above the acceptable limit for the entire range of rotor speeds investigated and a narrow
peak is observed at 67 % and 87 % for the Bo105 and Lynx, respectively. However, with the in-
clusion of the compressive loading these peaks have been eradicated and the overall response
has been reduced over the majority of the rotor speed range evaluated. The reductions are most
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significant at the higher rotor speed where they have been reduced to an acceptable level which
would permit the rotor speeds for the Bo105 and Lynx to be reduced by 16 % and 28.5 %, re-
spectively. To better understand the cause of these improvements the contributions to the total
response from each harmonic, the optimal compressive loading profile and the natural frequency
and damping ratio of each mode shall be examined. These results are shown below for the Bo105
in Figs. 5.20 and 5.21.
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(b) Cumulative aeroelastic response
Figure 5.20: Optimised aeroelastic response of Bo105 with compressive loading across a range
of rotor speeds.
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Figure 5.21: Aeroelastic properties of Bo105 corresponding to optimised aeroelastic response.
When considering the breakdown of the contribution of each harmonic, it is possible to deter-
mine the origin of the reduction in CAR. It can be seen in Fig. 5.20 that the compressive load
causes a small reduction in response from the first harmonic as well as a reduction in the re-
sponse of the second and third harmonic. The fourth harmonic exhibits an increase in response
but the other harmonics remain largely unchanged. It can be seen in the aeroelastic properties
shown in Fig. 5.21 that there is minimal change in the natural frequency and damping ratio of
the first in-plane and first out-of-plane mode which is the likely cause of the small amount of
change in the response from the first harmonic. The main source of improvement is due to the
change in natural frequency and damping ratio of the second in-plane mode. Compared to the
unloaded case, the natural frequency is exhibiting increased separation from its nearest har-
monic and an increased damping ratio which drives the reduction in response from the second
and third harmonics. The increase in the fourth harmonic is due to the reduction of the natural
frequency of the third out-of-plane mode which reduces its separation from the fourth harmonic
considerably.
As the rotor speed reduces from 100 % to 92 %, the compressive load is high but not at the
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maximum allowable load, which indicates that there is a minimum in CAR value; any increase
or decrease in compressive load would increase the overall response. From 92 % to 82.5 % of
the nominal rotor speed, the behaviour is largely the same. However, the compressive load is
at its limit which indicates that further improvements could be yielded if a larger compressive
load were possible. From 82.5 % to 82 % there is an abrupt reduction in compressive load due
to the second in-plane mode. This mode exhibits a very low damping ratio which means that it
can safely exist in proximity to its nearest harmonic that would not be possible for modes with
higher damping ratios. However, the low damping ratio also means that when the separation
between natural frequency and rotor harmonic is too low, the impact on the overall response, as
seen in Fig. 5.20b is significant, and will necessitate a targeted remediation; hence the abrupt
change in compressive load to regain a suitable level of separation. Below 82 % of the nominal
rotor speed, the behaviour returns to that observed in 92 % to 82.5 % of the nominal until it
reaches 65 %. At this point, the aforementioned second in-plane mode interacts with the sixth
harmonic causing an increase in the overall response which is again mitigated using an abrupt
change in compressive load. Below 64.5 % of the nominal rotor speed, the first in-plane mode
is in close proximity to the first harmonic and the contribution of this harmonic increases such
that it dominates the total response. As this mode is relatively insensitive to the compressive
loading there are minimal improvements to the response at this rotor speed.
The aforementioned analysis is also performed for the Lynx. The optimal compressive loading
profile, CAR and aeroelastic properties of the blade are shown below in Figs. 5.22 and 5.23.
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(b) Cumulative aeroelastic response
Figure 5.22: Optimised aeroelastic response of Lynx with compressive loading across a range of
rotor speeds.
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Figure 5.23: Aeroelastic properties of Lynx corresponding to optimised aeroelastic response.
It can be seen in Fig. 5.22a that the optimal compressive loading profile differs greatly from
that of the Bo105; existing in only its minimum and maximum load. Despite the simplistic
loading profile, the compressive load can yield significant reduction in the contributions from
the first and second harmonics which are the cause of the reduced total response. The fifth
harmonic exhibits a shifting and warping of the resonant peak observed while the remaining
harmonics are relatively unchanged.
The aeroelastic properties shown in Fig. 5.23 can provide insight into the aforementioned
changes in the contributions of each harmonic to the total CAR. The reduction in the response of
the first harmonic is due to the increased separation of the first in-plane mode and the increased
damping ratio of the first in-plane and out-of-plane mode. The reduction in the second harmonic
is likely due to the increase in the damping ratios of the first and second out-of-plane mode. The
improvements in the third harmonic are due to the increased separation and damping ratio of
the second out-of-plane mode. With regards to the fifth harmonic, the peak in the unloaded case
has been avoided due to the increase in separation and damping ratio. However, the reduction
in the natural frequency shifts the aforementioned resonance to a lower rotor speed, albeit a
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much less narrow peak due to the increase in damping ratio.
It can be seen that the inclusion of aerodynamic damping and the subsequent change in reso-
nance metric have had a marked change on the optimum loading profile and the corresponding
resonant condition when compared to Chapter 4. There is a trend for the modes with higher
damping ratios to target a large separation whereas the modes with low damping ratios can
operate with much lower separation. However, when the modes with low damping ratios exhibit
very low separation their response dominates the overall response of the blade. The influence of
an increased damping ratio is also able to improve the response to the excitation of a particu-
lar harmonic, even if the separation reduces. This indicates that the ability to change damping
ratio may be as influential in the approach to avoiding resonance as the ability to increase the
separation between natural and excitation frequencies.
5.4 Chapter Summary
This chapter expanded on the in-vacuo resonance avoidance work detailed in the previous chap-
ter, Chapter 4, to include the influence of aerodynamic loading in hover. Therefore, an investi-
gation into the effects of these aerodynamic loads was made; followed by an assessment of the
in-air resonant interactions present in rotors and the potential for these to be avoided using
compressive loading.
The model was expanded to incorporate a set of nonlinear PDEs and a 2D unsteady aerody-
namic model for hover to incorporate the effects of moderate geometric nonlinearities and aero-
dynamic loading in hover. The inclusion of these phenomena increased the accuracy with which
the model represented a realistic blade and provided additional insight into the behaviour of a
hovering rotor blade with an applied compressive load. To solve the nonlinear PDEs, the BVP
was separated in to two: one BVP representing the static, time-invariant, deformation of the
blade and one BVP to represent the oscillations about this deformed shape.
To demonstrate that the additional phenomena had been correctly captured, a pair of com-
plementary verification and validation studies were performed. Firstly, an in-vacuo code com-
parison study was performed. The natural frequencies of a test blade were calculated using the
present model and compared to the equivalent results calculated from the model developed in
Chapter 4. The agreement between the two sets of results was good; indicating the ability of
the model to capture the effects of rotation and compressive loading. Secondly, an aeroelastic
comparison was performed using [3]. The statically deformed shape, natural frequencies and
damping ratios of a test blade are calculated for a range of blade pitch values and compared
with the equivalent values from [3]. The agreement observed demonstrated the ability of the
model to capture the effects of geometric nonlinearities and aerodynamic loading on the static
and dynamic response of the blade.
A study of these additional phenomena was performed to identify their effects on the dynam-
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ics of a rotor blade. It was observed that the inclusion of aerodynamic loading and static defor-
mation reduced the blade buckling load by 14 %. Additionally, it was seen that the undamped
natural frequencies exhibited similar trends to that observed in Chapter 4. However, the in-
clusion of the aerodynamic loading introduced aerodynamic damping and it was noted that as
rotor speed increased, the damping ratios also increased due to the higher local airspeed. It was
also discovered that as compressive loading is applied, there is a reduction in natural frequency,
and therefore critical damping, which results in an increase in damping ratio. As coupling was
introduced via twist, aerodynamic loading and geometric nonlinearities, it was observed that
when modes veered, their damping ratios switched as well as their natural frequencies as was
previously observed.
Once the effects of the additional phenomena were investigated, a study was performed to
identify the baseline behaviour of a rotor with a variable rotor speed and no compressive loading
to assess the improvements available through the application of a compressive load. To perform
this study a new metric had to be developed. The metric used in Chapter 4 was based on the
separation of the natural frequencies of the rotor blade and their nearest rotor harmonic but this
would not capture the effects of damping which had been introduced by the aerodynamic forces.
Therefore, a new metric which calculates the area under the FRF of the rotor blade around each
harmonic was created. The value at the nominal rotor speed with no compressive loading was
defined as the upper limit of acceptability. A subsequent study of the rotor blades of the Bo105
and Lynx attempting a reduction in rotor speed of 40 % with no applied compressive loading
revealed a number of trends. Lower harmonics contributed more to the total response than the
higher harmonics. In-plane modes, which tend to exhibit low damping ratios, are highly impact-
ful across a narrow range of rotor speeds whereas the out-of-plane modes, which tend to exhibit
high damping ratios, impart a smaller impact but across a much broader range of rotor speeds.
Due to the changes in response levels of each harmonic, the CAR exceeded the acceptable limit
for all but the nominal rotor speed for each aircraft. With the application of compressive load-
ing, it was possible to reduce the CAR across the majority of the rotor speed range investigated.
The magnitude of these improvements was sufficiently large that the value dropped to within
the acceptable limit for some rotor speeds below the nominal value; permitting the rotor speed
for the Bo105 and Lynx to be reduced by 16 % and 28.5 %, respectively. The improvements were
observed mainly in the lower rotor harmonics as these are the largest contributors to the over-
all response. Typically, the optimised profile consisted of targeting maximum separation of the
lower order out-of-plane modes; even at the expense of low separation of the lower order in-plane
modes. However, when the separation of the lower order in-plane modes was too low, it would
significantly impact the overall response and the alleviation of these loads would dominate the
optimal compressive loading value. As well as managing the separation of different modes to
reduce the CAR, akin to the approach used in Chapter 4, significant benefits were available










CONCLUSION AND FUTURE WORK
This research has covered a broad range of investigations to understand the influence that com-
pressive loading has on the dynamic properties of rotor blades with a variable rotor speed and
the potential for these influences to be utilised in a compressive loading based resonance avoid-
ance system. The aforementioned investigations suggest that compressive loading would be able
to mitigate against the excessive vibratory loads associated with a variable rotor speed which
in turn would help enable the performance benefits of variable speed rotors to be realised on a
wider scale than is currently possible.
A summary of the conclusions obtained from the aforementioned chapters and the recom-
mended future work that would most purposefully advance the proposed resonance avoidance
technique are provided in Sections 6.1 and 6.2, respectively.
6.1 Conclusions
Detailed discussions and summaries for each chapter are available in Sections 3.5, 4.4 and 5.4.
The most significant conclusions from the research presented are summarised herein.
1. It has been observed for the first time that the application of a load located at the tip
of a rotating rotor blade, that is directed towards its root, is able to reduce its natural
frequencies. It was shown on three full-scale rotors that a reduction of 20 % of the rotor
frequency was possible at both the nominal rotor speed and when operating at a rotor
speed reduced by 40 % for almost all modes without the applied load exceeding a limit
which was set to avoid buckling. The exceptions to this were the first in-plane mode and
the first out-of-plane modes. Due to the orientation of the applied load, these modes ex-
hibited significantly lower sensitivities than the higher-order modes. It was observed for
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the given conditions that torsional modes are less sensitive to compressive loading than
in-plane modes which in turn are less sensitive than out-of-plane modes. Additionally, the
sensitivity of natural frequencies to compressive loading is greater at low rotor speeds due
to the lower amount of centrifugal loading.
2. Using a time domain model of an untwisted rotor blade in forward flight, the novel be-
haviour of reducing vibratory loads at the hub using an applied compressive load was
demonstrated. At the arbitrarily chosen load value of 50 % of the maximum, the in-plane
forces and moments across the first four rotor harmonics were all shown to reduce by over
50 %. For the out-of-plane forces and moments, the reductions of these values varied from
0 % to 60 % for the different harmonics. Additionally, it was shown that excessively large
compressive loads may increase the root loads. This is expected to be due to the reduc-
tion of the natural frequencies being sufficiently enough that they begin to interact with
harmonics which they previously wouldn’t have.
3. Using a variable compressive load, that was conservatively limited to avoid buckling, the
separation between the natural frequencies of the blades of a range of aircraft and their
rotor harmonics could be increased across a wide range of rotor speeds. The increase in
separation due to the newly proposed compressive load based resonance avoidance tech-
nique increased the fraction of the desired rotor speed range that was deemed operable by
a factor of at least three for each rotor evaluated.
4. The addition of unsteady aerodynamic loads has a minimal impact on the influence of
compressive loading or a variable rotor speed on the undamped natural frequencies of the
rotor blade. Conversely, the introduction of aerodynamic loads introduces aerodynamic
damping with ratios which were observed to increase significantly with rotor speed. The
largest change observed was an increase in the damping ratio of the torsion of 65 % as the
rotor speed increased from 60 % to 100 % of the nominal speed. It was also observed that
as compressive loading is applied, damping ratios reduce due to the reduction in natural
frequency lowering the critical damping value.
5. In-plane modes tended to exhibit low damping ratios which result in their contribution
to the overall response only being observed during very narrow bands of rotor speeds.
However, due to the low damping ratios, the magnitude of the influence that these modes
imparted was large. Conversely, the out-of-plane modes exhibited a much higher damping
ratio which results in an influence that has smaller magnitude but is observed over a wider
range of rotor speeds. These contrasting behaviours resulted in the optimum compressive
loading profile primarily targeting a reduction in the response of the out-of-plane modes.
However, during rotor speed ranges where the in-plane response was large, these dictated
the optimum compressive loading profile.
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6. The inclusion of the compressive loading improved or maintained the aeroelastic vibratory
response of the blade across the full range of desired rotor speeds. The observed improve-
ment permitted an expansion of the rotor speed ranges that were safe to operate in by over
15 % of the nominal speed for each aircraft evaluated.
7. A theoretical sizing of hydraulic actuators required to achieve the prescribed limit load was
performed for each rotor based on the industry standard hydraulic pressure of 20.7 MPa
(3000PSI). It was estimated that the bore of the actuator would be approximately 10 % of
the blade chord and would require up to 0.1 % of the installed power during actuation.
6.2 Future work
The previously detailed work has demonstrated the ability of an applied compressive load to
alter the dynamic properties of a rotor blade across a range of rotor speeds and utilise this to
avoid resonance in rotors which operate with a wide range of rotor speeds. However, there are
several studies outside of the scope of this research that should be prioritised to progress the
concept towards real world deployment. These studies are summarised below:
1. In the presented work, the rotor blade considered has either operated in-vacuo or with
aerodynamic effects limited to hovering conditions. As helicopters often operate in for-
ward flight, and it is in these operating conditions that the airflow asymmetry in the rotor
and cyclic trim conditions cause the largest excitation loads, it is imperative that the ef-
fectiveness of the concept be evaluated on a rotor blade that includes the aerodynamic
loading associated with forward flight. This evaluation should span the range of forward
speeds and rotor speeds that are likely to be required of a rotorcraft with a variable rotor
speed. One possible method to create this model is to utilise the same concept used in Sec-
tion 3.4.1 but updating the equations of motion and mode shapes to match those used and
calculated in Section 5.1. This model would benefit from the increased realism of incorpo-
rating the excitation loads, which would originate from the asymmetry in the flowfield and
trim conditions, as well as evaluating the performance of the concept directly, using vibra-
tory loads or stresses at the blade root, as opposed to using a proxy for vibratory loads,
such as frequency separation or Cumulative Aeroelastic Response (CAR). Additionally, it
would be possible to calculate the power requirements of the rotor which would allow the
performance of the rotor and the associated vibratory loads to be evaluated in conjunction
with one another.
2. In the present work, an upper limit for the compressive load of 75 % of the static buckling
load was used to ensure that a buckling instability was not induced. The static buckling
load was used as the limiting load but aeroelastic instabilities such as flutter were not
accounted for. As shown in Section 5.3.1, the application of a compressive load can lower
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the damping ratio of a mode. Although this did not lead to a dynamic instability in the
present work, where the compressive load was limited to 75 % of the static buckling load,
it is possible that a dynamic instability would be encountered at a compressive load lower
than that of the static buckling load. Therefore, a model, such as the one described in
Section 5.1, should be used to investigate the static and dynamic instabilities of a com-
pressively loaded rotor. This would provide a more accurate critical compressive load and
understanding of the behaviour of the blade as an instability is approached. This would,
in turn, allow for a less conservative proportion of this load to be employed which may
increase the allowable maximum load and subsequently improve the resonance avoidance
capability.
3. As the presented work indicates that a compressive load would be able to reduce the ef-
fects of resonance observed in variable speed rotors, it becomes increasingly pertinent to
investigate potential means with which the compressive load could be applied. Several
potential solutions for transmitting the load from the root to the tip have been suggested:
a flexible tendon made from wire or rope; a scissor-like lattice; or a flexible beam with a
varying cross section to tailor its dynamic behaviour. The method for creating the load,
such as a hydraulic actuator or an electric servo-gearbox combination, should also be con-
sidered. A thorough investigation of these options is required to ensure the chosen method
can impart the required loads without incurring excessive negative impacts such as large
weight or power requirements.
4. The present work considered a compressive force located on the elastic axis of the beam
at the tip of the beam. However, it is expected that changing the spanwise location of
the load or its location in the cross section may alter the response the different modes
to compressive loading. An optimisation study should be performed to identify the ideal
location for the applied load. It is possible that by changing the location of the applied
load, it may be possible to increase the sensitivity of problematic modes.
5. An experimental free vibration analysis of a compressively loaded non-rotating beam with
a symmetric cross section was performed in the presented work. However, experimental
works involving asymmetric cross sections, that mimic that of a rotor blade, as well as
rotation and the associated aerodynamic loads be completed. These studies would improve
the validation of the presented work, provide additional insight and may be a means to
explore effects such as changing the location of the applied compressive load.
The completion of the above works would build on the research presented thus far and aid in
the progression of the concept from its current state towards deployment in full scale rotorcraft











The PDEs of Houbolt and Brooks [137] are used to represent the behaviour of the rotating beam.
To isolate the dynamic behaviour of the beam, the static terms (terms independent of the state






Furthermore, it is assumed that: the cross section is uniform and doubly symmetric, the beam
has no twist and the material has a constant density which results in the simplifications stated
in Eq. (A.2).
B1 = B2 = e0 = e = eA = θ = (k2m2 −k2m1)= 0 (A.2)
These assumptions remove all coupling between the motions, resulting in the set of uncoupled
equations of motion, Eq. (A.3).
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EIzviv − (Tv′)′+ms2v−Ω2mv = 0





mΩ2(R2 − x2)−P (A.4)













vdx = 0∫ R
R0
[




The boundary conditions for a cantilevered beam, see Eq. (A.6), are applied and the substitu-
tion of φ̄, v̄, w̄ and x̄ is used to normalise the resulting equations with respect to radius.
















The result is a set of Southwell styled equations [121] , Eq. (A.8), that can be used to calculate
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∫ 1
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The analytical solutions for the modeshapes of a non-rotating cantilevered beam [187], Eq. (A.10),
can be used to evaluate the integrals in Eq. (A.9), as summarised in Table A.1. As the change in
modeshapes with loading and rotation are likely to be small [111], the integrals are assumed to










































APPENDIX A. SIMPLIFIED ANALYTICAL CALCULATIONS
Table A.1: Evaluation of integrals for non-rotating cantilevered beam
Mode, i 1st 2nd 3rd 4th
KGφ,i 1.234 11.10 30.84 60.45
KR1φ,i 0.6169 5.552 15.42 30.23
KR2φ,i -0.3669 -5.302 -15.17 -29.98
KR3φ,i -0.08062 -1.726 -5.015 -9.95
Mφ,i 0.5000 0.5000 0.5000 0.5000
KG v,i , KG w,i 6.980 491.2 3805 14617
KR1v,i , KR1w,i 1.364 16.45 38.63 71.45
KR2v,i , KR2w,i -1.843 -24.12 -52.32 -91.44
KR3v,i , KR3w,i -0.6862 -9.869 -20.78 -35.4
KCv,i , KCw,i 2.728 32.90 77.27 142.9
Mv,i , Mw,i 0.5603 1.012 0.9997 1.000
These values can be substituted into Eq. (A.8) to create equations for the natural frequencies
of each mode as they varying with compressive load and rotor speed. A set of examples for these
equations for the first torsional, first two in-plane and first three out-of-plane modes of a blade











































Due to the presence of the tendon, Eq. (2.10) is no longer an applicable orthogonality condi-
tion as it is only valid for beam systems. As modal identification of beam-tendon systems has
not previously been performed using this method, an existing orthogonality condition for this
system is not available. Therefore, the orthogonality condition for a cantilevered beam-tendon
system, coupled via its root and tip attachments, is derived herein. The process follows that of [1]
whereby the equations of motion are written in terms of the first modeshape and the ith mode-
shape; each of the equations of motion are then multiplied by the ith modeshape and the first
modeshape, respectively, subtracted from each other and integrated along the span of the beam;
the results of this for each equation of motion are then summed together; finally the equations
are simplified using integration by parts and the appropriate boundary conditions.
Firstly, the equations of motion for the system, Eq. (3.14),are written in terms of the first and
ith modes, respectively, as seen in Eq. (B.1).
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− (−PW ′1)′+EI yW iv1 =−ms21W1
− (PWt′1)′ =−mts21Wt1
− (−PV ′1)′+EIzV iv1 =−ms21V1
− (PVt′1)′ =−mts21Vt1
(B.1a)
− (−PW ′i)′+EI yW ivi =−ms2i Wi
− (PWt′i)′ =−mts2i Wt i
− (−PV ′i )′+EIzV ivi =−ms2i Vi
− (PVt′i)′ =−mts2i Vt i
(B.1b)
Eqs. (B.1a) and (B.1b) are the multiplied by the ith and first modeshapes, respectively. Then
each Ordinary Differential Equation (ODE) in Eq. (B.1b) is subtracted from the corresponding


































































When each of the equations in Eq. (B.3) are summed together, the form one single equation
which can be simplified using integration by parts.
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Subsequently, the boundary conditions can be used to further reduce these equations. From
the boundary conditions at the root, the moment equilibria at the tip (for an unforced beam, M0 =
0) and the tendon specific boundary conditions, as seen in Eqs. (3.15) and (3.16), the following
terms can be substituted to reduce Eq. (B.3).











































When considering the remaining boundary condition,the force equilibria, the following terms
can be substituted to reduce Eq. (B.5) further.
PW ′(R)+EI yW ′′′(R)−PWt′(R)= Mts2W(R)
PV ′(R)+EI yV ′′′(R)−PVt′(R)= Mts2V (R)
(B.6)























Finally, as the mass of the beam is significantly greater than that of the tip insert (
∫
mdx À















Wt1Wt i +Vt1Vt i
]
dx = 0 (B.8)
Ignoring the case when the condition is satisfied because the frequencies are identical, the
integral term will equate to zero if a modeshape is being compared to the known shape of the
first mode. Alternatively, this term can be altered to compare a response shape to the known
first modeshape, as seen below.
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For case studies performed within this research, three test aircraft are available: The MBB Bo
105, the Westland Lynx, and the Westland AW101. These aircraft are very different in terms
of their design and usage, as seen from the specifications shown in Table C.1. The difference
in their specification and design will allow any differences in the performance of compressive
loading based resonance avoidance due to the aircraft to be evaluated.
Table C.1: Comparison of aircraft specifications
Aircraft MBB Bo105 Westland Lynx Westland AW101
[188, 189] [190, 191] [192, 193]
Gross mass, Mg 2069 2578 10500
Occupants 4 8 30
Mach at cruise, Mv 0.1652 0.2251 0.2397
Installed power, Pi 626×103 1670×103 4698×103
As the various models developed to analyse the effects of compressive loading are based on
constant blade parameters, it is required that distributed parameters be appropriately repre-
sented using a single, lumped value. The parameters in questions are: the torsional and bend-
ing cross-sectional stiffnesses of the blade; the mass distribution of the blade; and the offset
between the elastic axis and the mass axis of the blade. The lumped equivalent of the mass
distribution of the blade and the offset between the elastic axis and the mass axis of the blade
is the mean value calculated from the distributed values between RC and R. An exception is
made for the Westland AW101, which is evaluated from RC to the start of the tip, as it has a
very non-uniform planform. The values of all of the required parameters, with the exception
of cross-sectional stiffnesses are summarised in Table C.2. A comparison of the distributed and
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lumped parameters are shown in Fig. C.1. The use of a lumped value for these parameters may
introduce discrepancies between the calculated natural frequencies and those that would be ob-
served in reality. However, the purpose of using these different parameter sets is to assess how
the proposed resonance avoidance concept would perform in different types and sizes of aircraft.
Therefore, the exact replication of the blade is not essential.
Table C.2: Blade properties for each test aircraft.






Mass distribution, m 7.55 7.64 12.93
Radius, R 4.91 6.40 9.30
Aerodynamic blade root, RC 1.03 1.81 3.11
Root cutout, R0 0.38 0.80 1.30
Chord, c 0.275 0.327 0.420
Mass-elastic offset, e -0.0195 -0.0047 -0.0022
Linear twist, δ -0.140 -0.110 -0.096
Rotor speed, Ω0 44.5 33.3 22.0
Number of blades, Nb 4 4 5
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(a) MBB Bo 105
(b) Westland Lynx
(c) Westland AW101
Figure C.1: Comparison of distributed and lumped values of elastic axis offset and mass distri-
bution for each aircraft. 197
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For the MBB Bo 105, a similar process can be used to calculate the equivalent lumped stiffness
values shown in Table C.3. A comparison of the distributed and lumped parameters are shown
in Fig. C.2.
Figure C.2: Comparison of distributed and lumped values of stiffness for MBB Bo 105.
Unfortunately, due to the large variation in the stiffness parameters of the Westland Lynx and
the Westland AW101, the same process cannot be applied to these aircraft. Instead, the stiffness
values for these aircraft are calculated such that the natural frequencies of the the blade, as
calculated using the equations in Appendix A, at the operational rotor speed correspond with
target values. For the Westland Lynx, these values are extracted from a fan diagram calculated
using Westland’s J134 analysis code [190]. For the Westland AW101, these values are set to be
the same as the normalised values of the MBB Bo 105, i.e. a value of 6.4/rev for T1 observed from
the MBB Bo 105 is the target for the Westland AW101. The subsequent stiffness parameters are
summarised in Table C.3.
Table C.3: Blade stiffness properties for each test aircraft.
Aircraft MBB Bo105 Westland Lynx Westland AW101
Out-of-plane bending rigidity, EI y 6.85×103 1.58×104 4.16×104
In-plane bending rigidity, EIz 1.70×105 2.38×105 8.74×105
Torsional rigidity, GJ 4.37×103 5.20×103 1.83×104
From these lumped value properties, it can be seen that the different requirements of the
aircraft results in significantly different blade properties. It can be seen that the AW101 is
significantly heavier than the Bo105 and Lynx, which results in a much larger blade radius,
chord, mass and stiffnesses as well as the number of blades. Despite the vehicle mass of Lynx
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being 25 % greater than that of the Bo105, it has significantly more installed power (+167 %),
rotor disc area (+167 %) and a much higher out-of-plane stiffness (+167 %). The disproportionate
increases in these properties are indicative of the different operational requirements of these
two aircraft. The Bo105 is a utility helicopter with deployment roles in military reconnaissance,
police services and coastal search and rescue across the world. Conversely, the Lynx is a multi-
purpose military helicopter with a record breaking top speed [194] in excess of 400 kmh−1 and
the ability to perform aerobatic manoeuvres such as rolls and loops [195]. Unlike the other major
parameters, the rotor speed decreases from the Bo105 to the Lynx and then the AW101. Due to
compressibility effects on the advancing side of a rotor, there is an upper limit on the allowable
tip speed of a rotor blade, which necessitates a reduction in rotor speed with the increasing rotor
radius.
Due to the assumptions made during this calculation procedure, the calculated parameter
values and subsequent modal properties are unlikely to be an exact match of their real world
counterparts. However, the purpose of using multiple of aircraft is not to exactly replicate their
characteristics, but to use the variation to assess how the performance of the proposed concept
changes with different rotor blades.
Furthermore, additional property values that are required can be calculated from the param-
eters previously detailed. The properties for the Westland Lynx were specifically for the metal
blade and due to the era of the data (1976) it can be assumed that the same is true of the MBB
Bo 105 blade. The values for these properties are summarised in Table C.4.
Table C.4: Material properties of aircraft blades
Material property Value
Density, ρ 2700
Youngs modulus, E 69.0×109
Shear modulus, G 26.5×109
These values, in conjunction with the values in Table C.2, can be used to calculate values for
J, I y, Iz and A. Using the equations for elastic and mass cross section properties, Eqn (35) and
Eqn (56) from [138], and the assumption that the cross section has a constant material density
equivalences can be made to calculate the remaining parameters.
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Due to the asymmetric aerodynamic flowfield experienced by a rotor during forward flight, as
well as the accompanying cyclic trim, there is a large amount of variation in the aerodynamic
loads that are imposed upon a blade in this flight regime. This variation is periodic but not
harmonic which invalidates the assumed solution form introduced in Eq. (3.13).
Therefore, a different form of model, without this assumption, is developed. There are multiple
methods for creating models in the time domain. Gennaretti and Bernardini [196] and Thomas
et al [197] assumed that the response of the blade could be represented using a linear weighted
combination of shape functions and used a harmonic balance procedure to calculate the steady-
state aeroelastic response helicopter rotors. Tanabe and Saito [127] and Tang and Dowell [198]
used modal decomposition, a process which also uses a linear weighted combination of shape
functions but using modeshapes for the shape functions, to perform a time marching simulation
of the aeroelastic response of a rotor blade. Alternatively, a two-dimensional solver could be used
to solve equations of motion in the space and time domain simultaneously. Khater et al [199]
developed a Chebyshev spectral collocation method for solving Burgers’ type equations which
was capable of solving sets of coupled two-dimensional nonlinear partial differential equations.
The model developed herein uses the principle of modal decomposition to calculates a time-
marching solution for the aeroelastic response of a rotor blade. The model is based on the same
equations used for the main model in Chapter 3, Eqs. (3.3a) and (3.3b), but without the harmonic
motion assumption which removes the temporal domain and with the inclusion distributed aero-
dynamic lift and drag. These equations are shown below in Eq. (D.1).
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R2 − x2)−P)w′∗]′+EI ywiv∗ +mẅ∗ = Lz
(D.1)
The aerodynamic forcing is calculated using quasi-steady lift and drag equations. The lift
coefficient is calculated using a flat plate theory and an angle of attack calculated from cyclic
pitch angles and the out-of-plane velocity. The drag coefficient is calculated from the induced
drag, calculated from the lift coefficient without an out-of-plane velocity, and a parasitic drag
value. The equations for these are shown below in Eq. (D.2).
L y =−12ρ∞
(























The deformation of the blade can be represented as a linear sum of spanwise shape functions
and contribution factors as defined in Eq. (D.3). For this analysis, the shape functions used are
the modeshapes calculated using the in-vacuo model described in Section 3.1. The benefits of
this are that the modeshapes are orthogonal which ensures that a diverse range of combined










Eq. (D.3) and Eq. (D.2) can be substituted in to Eq. (D.1), multiplied by Wj and Vj and inte-
grated along the length of the blade to form a set of equations in terms of modal mass, stiffness





As the mass and stiffness matrices are constant with respect to azimuth they can be calculated






























R2 − x2)−P)W ′i (x)]′+EIzW ivi (x))dx
(D.5)
As the forcing terms are functions of azimuth they cannot be treated the same way. These












































−(Cd0Vi(x)v2f cρ∞)/4− (Cd0Ω2Vi(x)cρ∞x2)/2− (πVi(x)v2f a2c c2ρ∞)/(4R)
−(3πVi(x)v2f a2s c2ρ∞)/(4R)− (πΩ2Vi(x)a2c c2ρ∞x2)/R
−(πΩ2Vi(x)a2s c2ρ∞x2)/R
−Cd0ΩVi(x)v f cρ∞x− (πΩVi(x)v f a2c c2ρ∞x)/R




+(Vi(x)ρ∞πv2f a2s c2)/R+ (Cd0Vi(x)ρ∞v2f c)/4


















−Vj(x)((2ΩVi(x)ρ∞xπa2c c2)/R+ (2ΩVi(x)ρ∞xπa2s c2)/R
+Cd0ΩVi(x)ρ∞xc)



































Wi(x)ascρ∞πΩ2x2 + (3Wi(x)ascρ∞πv2f )/4


























It can be seen from the presence of sin3ψ and cos3ψ in L1 and sin4ψ and cos4ψ in D1 in
Eq. (D.6) that the model will be able to excite frequencies up to 3/rev in the out-of-plane direc-
tion and 4/rev in the in-plane direction. Eq. (D.4) can be reformulated in to state space format in
terms of modal participation factors and solved using ode45, an initial conditions Ordinary Dif-
ferential Equation (ODE) solver. The solution process continues until two consecutive rotations
of the blade exhibit deformations, and their respective derivatives, along the entire length of the
blade that correlate to within 0.1 % of the amplitude of an oscillation. Once the deformations
and derivatives have suitably converged, the final modal participation factors of the rotation
can be processed to calculate the blade deformations using Eq. (D.3) and subsequent vibratory
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